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ABSTRACT

In this study, I examined links between College Algebra students’ covariational reasoning
and their conception of general function notation (y=f(x)). | investigated the following research
questions: How might students’ conceptions of function impact their conceptions of function
notation? How might covariational reasoning related to function impact students’ conceptions of
function notation? How do students conceive of general function notation (y=f(x))? | posit three
levels of students’ conceptions of function notation: function notation as label, function notation
as convention, and function notation as a relationship between variables, and draw connections
to students’ engagement in quantitative, variational, and covariational reasoning, as well as their
employment of a correspondence approach to function.

For this study, | report three cases of students, Jack, Dave, and Lisa, who demonstrated
different conceptions of function notation and different forms of variational and covariational
reasoning. These students were enrolled in a College Algebra course at a public university in a
large US city. | conducted a sequence of four task-based clinical interviews with the first
interview serving as the Pre interview and the last interview serving as the Post interview. |
analyzed the data using Wolcott’s (1994) constructs of Description, Analysis, and Interpretation.
I used constant comparative analysis (Corbin & Strauss, 2008) to detect any differences in

reasoning from the Pre interview to the Post interview.



| found a link between students’ engagement in covariational reasoning and their

conception of function notation: Students engaging in early levels of covariational reasoning
could conceive of function notation as a relationship between variables. Furthermore, students’
conceptions of the definition of function mitigated their conceptions of function notation. In
addition, when engaging with different kinds of tasks, they demonstrated different conceptions of
function and function notation, and engaged in different forms of covariational reasoning. To
promote students’ conceptions of function and general function notation (y=f(x)) expressing an
invariant relationship between quantities, researchers/teachers should leverage technology-rich
tasks incorporating two different graphs that represent the same relationship, and tasks providing
opportunities for students to make sense of others’ claims about graphs.

The form and content of this abstract are approved. | recommend its publication.

Approved: Heather L. Johnson
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CHAPTERI
INTRODUCTION

Science, Technology, Engineering, and Mathematics (STEM) education is important in
the high-tech global economy (Drew, 2011; The President’s Council of Advisors on Science &
Technology (PCAST), 2012). According to the U.S. Department of Commerce (2011), STEM
jobs grew three times as fast as the non-STEM jobs over the past 10 years. STEM workers play
an important role in the growth of the U.S. economy. In order to have a stronger STEM
workforce, it is critical to improve the teaching methods so that more students can have
opportunities to choose STEM majors. Teachers need to create a welcoming atmosphere for
STEM learners and help students overcome mathematical challenges (PCAST, 2012).
The Problem with College Algebra

According to the PCAST (2012) report, college students switch their majors because of
uninspiring introductory courses, little help provided by the colleges, and an unwelcoming
atmosphere from faculty in STEM courses. Mathematics professors need to improve the first
two years of STEM education (PCAST, 2012). For example, College Algebra is a gate keeper
course and students’ experiences in College Algebra can be a reason why students may leave
STEM majors (Chen, 2013; Gordon, 2008; Herriott & Dunbar, 2009). A College Algebra course
IS meant to prepare students for higher level mathematics courses, but the current design of
College Algebra course only serves 5-10% of the students to be prepared for PreCalculus
(Herriott & Dunbar, 2009). Even if students are successful in College Algebra, they can still
experience challenges in PreCalculus. To retain students in College Algebra, students should be
given opportunities to use innovative learning materials to help them learn difficult concepts in

College Algebra (Johnson, McClintock, Kalir, & Olson, 2018).



The concept of function is central to undergraduate mathematics (Carlson & Oehrtman,
2005; Oehrtman, Carlson, & Thompson, 2008; Thompson, 1994c). Promoting an emphasis on
covariational reasoning can impact students’ reasoning with function and function notation in
College Algebra, in particular. Researchers have shown that students in high school and students
taking freshman college math courses have a weak understanding of function (Carlson, 1998;
Carlson, Jacobs, Coe, Larsen, & Hsu, 2002; Cooney & Wilson, 1996; Monk, 1992; Monk &
Nemirovsky, 1994; Thompson, 1994b). High school and undergraduate students taking
mathematics courses are not given opportunities to reason about quantities which impacts their
reasoning about function (Dubinsky & Wilson, 2013; Oehrtman et al., 2008; Thompson, 1994b,
1994c). College students’ lack of opportunities to employ covariational reasoning may account
for some of their difficulties in understanding the concept of a function. If College Algebra
students are given an opportunity to reason about quantities, it can develop their conceptions of
function and general function notation (y=f(x)).

Researchers investigating undergraduate mathematics students’ reasoning found that
students reasoned in ways that were more static rather than dynamic. Undergraduate
PreCalculus students have a static view of conceiving of functions simply as an operation or a
procedure (Clement 2001; Oehrtman et al., 2008). Current textbooks are not helping to address
this problem. Tasova, Stevens, and Moore (2018) examined calculus textbooks on lessons
dealing with the topic of functions. Tasova et al. (2018) found that calculus textbooks did not
support in developing students’ conceptions of quantitative and covariational reasoning. | found
something similar in a College Algebra textbook used by a public university in a large US city.
In a seventh edition textbook titled A Graphical Approach to Algebra & Trigonometry by

Hornsby, Lial, and Rockswold (2019), the emphasis is on the correspondence approach to



function, which is static. For example, function notation is defined using a correspondence
approach as: “To say that y is a function of x means that for each value of x from the domain of
the function f, there is exactly one value of y. To emphasize that y is a function of x, or that y
depends on x, it is common to write y=f(x), y equals f(x), with f(x) read “f of x.” This notation is
called function notation” (p.18). With this definition, Hornsby et al. (2019) prepare students to
complete the table of values, evaluate functions at a given x-value and to graph functions of the
form y=f(x) given x and y values. If College Algebra students had more opportunities to
conceive of y=f(x) in a dynamic way as a relationship between two quantities, x and y, they may
develop stronger conceptions of function.
A Promising Possibility: A Focus on Covariation

Opportunities for students to engage in covariational reasoning can promote their success
in College Algebra (Johnson et al., 2018) and other introductory and higher-level mathematics
(Thompson & Carlson, 2017). Covariational reasoning entails conceiving of how two quantities’
values change together. For example, consider a Ferris wheel situation with distance traveled
around the Ferris wheel and the height of the Ferris wheel. An individual who conceives of both
distance and height changing together, such that as the distance increases, the height increases
and decreases, engages in covariational reasoning. College Algebra students can succeed in
developing stronger conceptions of function and general function notation (y=f(x)) if they are
given an opportunity to engage in covariational reasoning.

Researchers that investigate students’ and teachers’ engagement in covariational
reasoning focus on their conceptions of graphs. Several researchers have focused on secondary
and undergraduate students’ graphing activity (e.g., Bell & Janvier, 1981; Carlson, 1998; Carlson

et al., 2002; Johnson, 2015a, 2015b; Johnson, Hornbein & Azeem, 2016; Johnson, McClintock,



& Hornbein, 2017b; Leinhardt, Zaslavsky, and Stein, 1990) and other researchers focused on
pre-service and in service teachers’ conceptions of graphs (Moore, 2014; Moore, Silverman,
Paoletti, & LaForest, 2014; Moore & Thompson, 2015; Moore, Silverman, Paoletti, Liss and
Musgrave, in press). Bell and Janvier (1981), Carlson (1998), and Moore and Thompson (2015)
found that students often reason about graphs based on physical characteristics such as the shape
of a graph. Researchers also found that students could conceive of graphs as invariant
relationships between quantities (Moore et al., 2014; Moore & Thompson, 2015; Moore et al., in
press) and conceived of points on graphs as multiplicative objects (Johnson et al., 2016; Johnson
etal., 2017b). College Algebra students’ conceptions of graphs as relationships between
quantities can impact their conceptions of general function notation (y=f(x)) as a representation
of two quantities’ values changing together.

Researchers have designed learning materials for university students enrolled in different
mathematics classes to support their covariational reasoning. Researchers have provided
Calculus and PreCalculus students’ opportunities to engage in covariational reasoning (e.g.,
Carlson et al., 2002; Thompson & Ashbrook, 2016; Thompson & Carlson, 2017). Recently
Johnson et al. (2018) designed dynamic computer activities to promote College Algebra
students’ covariational reasoning. Johnson et al. (2018) developed free, accessible computer
activities linking dynamic animation and graphs. The tasks included the dynamic segments and
the graphs that represented the same attributes on different axes. These tasks avoided the
numerical amounts to foster students’ covariational reasoning. In my study, | aim to contribute
to research on college students’ covariational reasoning by investigating and focusing on how

covariational reasoning could impact their conceptions of general function notation (y=f(x)).



A Covariation Perspective on Function

Several researchers, whose focus has been on the concept of function, have argued for the
powerfulness of covariational reasoning for developing secondary and college students’ robust
conceptions of function (Carlson, 1998; Carlson et al., 2002; Confrey & Smith, 1994, 1995;
Johnson, 2012; Thompson, 1994b, 1994c; Thompson & Carlson, 2017; Zandieh, 2000).
Thompson and Carlson (2017) define a function as: “A function, covariationally, is a conception
of two quantities varying simultaneously such that there is an invariant relationship between their
values that has the property that, in the person’s conception, every value of one quantity
determines exactly one value of the other” (p.444). | interpret that this definition explains a
function in terms of individual’s conceptions such that a function represents two quantities that
change together and the relationship between two quantities stays the same with one value of a
quantity giving exactly one value of the other. Engaging in quantitative reasoning and
covariational reasoning can develop College Algebra students’ conceptions of function and
general function notation (y=f(x)).

Quantitative reasoning and covariational reasoning is based on quantities. Quantity is
defined as an individual’s conception of a measurable attribute of an object (Thompson, 1993).
For example, consider a Ferris wheel situation with distance traveled around the Ferris wheel and
the height increasing and then decreasing. An individual who conceives of distance increasing
and height increasing and then decreasing may put numbers along the axes to demonstrate that
he/she conceives of both distance and height as possible to measure. Students’ reasoning with
guantities can support a covariational perspective on function (Ellis, 2011; Johnson et al., 2016,

Thompson & Carlson, 2017). By engaging in covariational reasoning students can understand



the concept of a function in a more meaningful way. | argue that a covariation perspective can
make a difference in how College Algebra students interpret general function notation (y=f(x)).
Need for a Covariation Perspective on Function Notation

There is a need to provide students an opportunity to engage in covariational reasoning
and to learn how it can impact their conceptions of general function notation (y=f(x)). | use the
term general function notation for a function notation y=f(x) to distinguish it from a function
notation that includes a formula such as f(x) = 3x+4. Researchers have found that college
students can think a function must be defined by a single algebraic formula (Breidenbach,
Dubinsky, Hawks, & Nichols, 1992; Carlson, 1998; Clement, 2001; Even, 1990; Even, 1993;
Sierpinska, 1992). | think that high school and college students find it easier to interpret f(x)
=3x+4 because they can substitute values to evaluate a function, graph a function, and complete
a table of values. Because there is no formula in general function notation (y=f(x)), it is difficult
for students to interpret y=f(x). Students conceive of general function notation (y=f(x)) as two
expressions separated by an equal sign (Thompson, 1994c¢). In addition, students conceive of an
equal sign as an operational (to do something) symbol (Kieran, 1981). A covariation perspective
could provide students an opportunity to conceive of general function notation (y=f(x))
expressing a relationship between quantities.

Researchers/teachers need to learn more about students’ engagement in covariational
reasoning and general function notation (y=f(x)). Researchers focused on function notation
involving specific rules such as f(x) = 3x+4 (e.g., Fonger, Ellis, & Dogan, 2016; Musgrave &
Thompson, 2014; Thompson & Milner, 2017). Musgrave and Thompson (2014) as well as
Thompson and Milner (2017) focused on high school teachers’ meanings of function notation.

Fonger et al. (2016) focused on middle school students’ conceptions of quadratic function rules



of the form y=ax?. Few researchers have addressed how students conceive of function notation
involving non-specific rules or more general function notation (e.g., Sajka, 2003). While
researchers (e.g., Carlson, 1998; Thompson & Carlson, 2017) have alluded to general function
notation (y=f(x)), the research community does not yet know how students’ reasoning with
quantities is related to their reasoning with general function notation (y=f(x)). If we encourage
College Algebra students to engage in covariational reasoning, students may conceive of general
function notation (y=f(x)) as a representation of two quantities changing together.

To learn more about how students conceive of general function notation (y=f(x)), it is
important to learn how students engage in quantitative reasoning and covariational reasoning and
relate it to a function. In other words, researchers/teachers need to attend to students’ conceptions
of quantities and variables, how quantities vary, and their conceptions of how quantities change
together to make a function and function notation more meaningful to them. Teachers can help
students to succeed in a College Algebra class by developing their conceptions of a function, the
meaning of a variable, and their conceptual understanding of general function notation (y=f(x)).
Tasks as Opportunities

The type of tasks students work on can impact their learning opportunities (Johnson,
Coles, & Clarke, 2017a). By task I mean more than just a written problem. A task involves
students’ conceptions of the task and how teachers can design tasks to support students’
engagement with the task (Johnson et al., 2017a; Sierpinska, 2004). Tasks can provide
opportunities to educators to learn how students’ engagement with tasks can engender students’
covariational reasoning and can impact their interpretation of general function notation (y=f(x)).

In recent efforts to improve mathematics teaching and learning, researchers have

designed tasks often involving dynamic computer environments linking animations and graphs



(e.g., Carlson et al., 2002; Ellis, Ozgur, Kulow, Dogan, & Amidon, 2016; Johnson, 2012b;
Johnson, 2015b; Johnson et al., 2017b; Johnson et al., 2018; Kaput & Roschelle, 1999; Moore,
2014; Moore et al., in press; Saldanha & Thompson, 1998). Researchers have designed tasks
with attributes on different axes (Johnson et al., 2016; Johnson et al. 2017b; Johnson et al., 2018;
Moore et al., 2014; Moore et al., in press) and tasks with other students’ claims about the graph
(Johnson et al., 2018, August) to provide students opportunities to engage in quantitative
reasoning and covariational reasoning. Moreover, the types of attributes used in tasks can
provide educators an opportunity to learn about students’ quantitative and covariational
reasoning (Johnson et al., 2018; Moore et al., 2014; Moore et al., in press). Researchers/teachers
can support students’ mathematical reasoning by employing technology rich tasks that do not
always include finding numerical answers (Thompson & Carlson, 2017; Johnson, 2013; Johnson,
2015h).

By engaging with tasks designed to foster students’ quantitative and covariational
reasoning, students can develop a flexible understanding of function. Fonger et al. (2016)
suggested that tasks focused on covariational reasoning could allow students to have a flexible
understanding of quadratic function rule of the form y=ax?. Students reasoning covariationally
may also conceive of general function notation (y=f(x)) as more than letters. Students may
conceive of y=f(x) more than two expressions separated by an equal sign and more than a “to do
something” symbol. Supporting students’ covariational reasoning through technology-rich tasks
can develop an understanding of general function notation (y=f(x)) as a representation of two

quantities changing together.



Research Questions

To learn about students’ covariational reasoning and its relationship to general function
notation (y=f(x)), | pose the following research questions:
How might students’ conceptions of function impact their conceptions of function notation?
How might covariational reasoning related to function impact students’ conceptions of function
notation?
How do students conceive of a general function notation (y=f(x))?
Overview of Chapters

In the chapters that follow, | articulate the theoretical grounding for my study,
methodology and analysis methods, the results of the study, and implications /conclusion.
Chapter 2 includes the theoretical and conceptual framework. Chapter 3 includes the review of
the literature. Chapter 4 includes the methodology and analysis methods that | use for this study.
Chapters 5, 6, and 7 describe the case studies of Jack, Dave, and Lisa’s (pseudonyms) work
respectively. Chapter 8 includes the cross case analysis and Chapter 9 includes discussion and

implications of this study.



CHAPTER I

CONCEPTUAL AND THEORETICAL FRAMEWORK

In this chapter, | describe Piaget’s (1970) constructivist theory, Thompson’s theory of
guantitative reasoning (Thompson, 1993; Thompson, 2011) and Thompson and Carlson’s (2017)
variation and covariation frameworks. | draw on Thompson’s theory of quantitative reasoning
(Thompson, 1993; Thompson, 2011) and Thompson and Carlson’s (2017) framework to address
how students conceive of functions, how they conceive of quantities, and how covariational
reasoning impacts students’ conceptions of a function. All theories presented here build on
Piaget’s (1970) constructivist theory. | also include images of change, tasks, representations and
conceptions of function as part of my conceptual and theoretical framework.

Piaget’s Constructivist Theory

According to Piaget’s (1970, 1985) constructivist theory of learning, learning occurs
through experiences and action, rather than through knowledge passed on by others. Individuals
construct their own understandings of new information and those constructions depend on their
current formulated knowledge and ideas. From a constructivist perspective, emphasis is on
describing the mental images of an individual to learn the individual’s ways of thinking and
approaches to problem situations (Piaget, 1970). These mental representations refer to dynamic
mental activity. Learners create their own meaning through the process of sense making (Piaget,
1970). Sense making refers to how a mathematical situation holds together from the perspective
of an individual (Simon, 1996). Based on Piaget’s theory, students may conceive of quantities
and function notation by constructing their own understandings, and those constructions depend

on their current conceptions.
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Thompson’s Theory of Quantitative Reasoning

In this section, | describe Thompson’s theory of quantitative reasoning (Thompson,
1993; Thompson, 2011). This theory explicates how students may conceive of mathematical
situations using the relationship between varying quantities and is characterized by three main
parts that include quantity (Smith & Thompson, 2008), quantification (Thompson, 2011), and
guantitative reasoning (Thompson, 1993; Thompson, 2011).

Quantity. Quantity is defined as an individual’s conception of a measureable attribute of
an object (Thompson, 1993). For example, an individual may conceive of measuring the length
of the table by using their hand as a measurement tool.

Quantification. Quantification is a three-step process involving “settling what it means
to measure a quantity, what one measures to do so, and what a measure means after getting one”
(Thompson, 2011, p.38). This refers to how an individual conceives of an object, considers an
attribute of an object, acknowledges that an attribute has a unit of measure, and conceives of the
relationship between the attribute and the unit of measure (Thompson, 2011). For example, to
quantify height, an individual would need to consider the height as an attribute of some object
that could be measured, think of a unit with which to measure the height, and form a relationship
between the unit of measure and the measure of height as an attribute. Thompson (2011) makes
a clear distinction between quantification process and the process of measuring and describes
that the process of quantification precedes measurement. In other words, the learner may engage
in the process of quantification before doing actual calculations.

Quantitative reasoning. Quantitative reasoning refers to the mental activity that an
individual engages in to conceive of the relationships among measurable attributes of the objects

in a situation. (Thompson, 1993; Thompson, 1994a; Thompson, 2011). Quantitative reasoning is
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fundamental in developing students’ reasoning about functions as relationships (Ellis, 2011;
Johnson, 2012b; Moore, Silverman, Paoletti, & LaForest, 2014).

Covariational Reasoning

Several researchers, whose focus has been on the concept of function, have argued for the
powerfulness of covariational reasoning for developing robust conceptions of function (Carlson,
1998; Carlson et al., 2002; Confrey & Smith, 1994, 1995; Johnson, 2012b; Thompson, 1994b,
1994c; Thompson & Carlson, 2017; Zandieh, 2000). In this section, | define covariational
reasoning and then discuss images of change because Thompson’s levels of variational and
covariational reasoning were based on Castillo-Garsow’s (2010, 2012) chunky and smooth
images of change. | first present levels of variational reasoning, then the levels on covariational
reasoning. Then I compare and contrast Thompson’s covariational reasoning with other
perspectives.

Thompson’s definition of covariational reasoning. According to Thompson (2011),
when the student imagines two quantities’ values varying together so that the quantitative
relationship remains unchanged, he/she engages in covariational reasoning. Thompson’s
covariational reasoning is based on conceiving of quantities’ values varying, constructing
multiplicative objects (combining quantities varying and forming a new quantity), and
conceiving of invariant relationships.

Images of Change. Castillo-Garsow (2010, 2012) and Castillo-Garsow, Johnson, and
Moore (2013) described that students might conceive of a quantity’s value varying discretely or
continuously. In the first image, the student conceives of the change as it already happened, so
he coordinates two completed changes which Castillo-Garsow terms chunky images of change.

Thus, when a student engages in chunky reasoning, he focuses on discrete values at the end of an

12



interval. For example, a student engaged in chunky reasoning might think of a car traveling from

one mile to two miles without thinking that the car moved between those values. In the second

image, the student would conceive of the magnitude of each quantity passing through all possible

values between the initial and final value, which Castillo-Garsow term smooth images of change.

When a student engages in smooth reasoning, he/she conceives of change in progress. This

means that a student engaging in smooth thinking conceives of a beginning point but no

endpoint. In other words, if a student thinks in chunks and then also reasons covariationally, the

student relates amounts of completed change.

Thompson’s levels of variational reasoning. Thompson and Carlson (2017) developed

a framework for explicating levels of students’ variational reasoning, placing reasoning

involving smooth images of change at the highest level of their framework. Table describes

major levels of variational reasoning.

Table 1 (Thompson & Carlson, 2017, p.440)

Major Levels of Variational Reasoning

Level

Description

Smooth Continuous
Variation

The person thinks of variation of a quantity’s or variable’s value (hereafter, variable’s) as
increasing or decreasing (hereafter, changing) by intervals while anticipating that within
each interval the variable’s value varies smoothly and continuously. The person might think
of same-sized intervals of variation, but not necessarily.

Chunky Continuous
Variation

The person thinks of variation of a variable’s value as changing by intervals of a fixed size.
The intervals might be same sized, but not necessarily. The person imagines, for example,
the variable’s value varying from 0 to 1, from 1 to 2, from 2 to 3 to (and so on), like laying a
ruler. Values between 0 and 1, between 1 and 2, between 2 and 3, etc. “come along” by
virtue of each being part of a chunk---like numbers on a ruler, but the person does not
envision that the quantity has these values in the same way it has 0, 1, 2, etc. as values.
Chunky continuous variation is not just thinking that changes happen in whole number
amounts. Thinking of a variable’s value going from 0 to 0.25, 0.25to0 0.5, 0.5 to 0.75, and so
on (while thinking that entailed intervals “come along”) is just as much thinking with chunky
continuous variation as is thinking of increases from 0 to 1, 1 to 2, and so on.

Gross Variation

The person envisions that the value of a variable increases or decreases but gives little or no
thought that it might have values while changing.

Discrete Variation

The person envisions a variable as taking specific values. The person sees the variable’s
value changing from a to b by taking values a4, a, , ..., a,,, but does not envision the
variable taking any value between a; and a; 4.

No Variation

The person envisions a variable as having a fixed value. It could have a different fixed
value, but that would be simply to envision another scenario.

Variable as Symbol

A variable is a symbol. It has nothing to do with variation.

13



| elaborate on the differences between these six levels of variation. At a variable as
symbol level, a student conceives of variables as letters only and does not conceive of letters
representing something changing. At a no variation level, a student may conceive of distance
traveled by a car to be 6 miles. This student conceives of the attribute of an object to have a fixed
measure. At a discrete variation level, a student may conceive of a car traveling different
distances of 6 miles and 7 miles but does not conceive of distance attaining values within 6 miles
and 7 miles. At a gross variation level, a student may attend to distance increasing, but does not
attend to distance attaining the values while changing. At a chunky continuous variation level, a
student will attend to the ends of the chunk such as distance traveled is six miles, then seven
miles. Although the student may be aware of a car traveling between six and seven miles, he/she
does not attend to how the quantity’s measure varies within six and seven miles. At a smooth
continuous variation level, a student conceives of change in progress and keeps track of distance
traveled not only at six miles and seven miles, but also within six miles and seven miles.

Variational reasoning cannot be separated from covariational reasoning. In a previous
study, Saldanha and Thompson (1998) stated that their images of covariation were
developmental, beginning with covariation as two quantities varying separately (one then the
other). Later, images of covariation involved time as a continuous quantity. They further
explained:

An operative image of covariation is one in which a person imagines both quantities

having been tracked for some duration, with the entailing correspondence being an

emergent property of the image. In the case of continuous covariation, one understands

that if either quantity has different values at different times, it changed from one to

another by assuming all intermediate values” (Saldanha & Thompson, 1998, p. 2).
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Saldanha and Thompson (1998) described a developmental conception of covariational
reasoning where students conceived of one quantity, then the other to conceiving of both
quantities varying together. Saldanha and Thompson suggested that a student constructed a
variable as conceiving of the quantity’s value always varying.

Thompson’s levels of covariational reasoning. Thompson and Carlson (2017)
proposed levels of covariational reasoning (see Table 2) and explained that these levels of
covariation “retain emphases on quantitative reasoning and multiplicative object (Thompson)
and coordination of changes in quantities’ values (Confrey, Carlson) and add ways in which an
individual conceives quantities to vary (Castillo-Garsow)” (ibid, p. 441). They explain that each
level is intended to characterize an individual’s capacity to engage in covariational reasoning.
The tables do not provide a “learning progression in the sense that one level should be targeted
instructionally before the next level” (Thompson & Carlson, 2017, p.440), but if a student
reasons variationally or covariationally at the highest level, all other levels up to that level are
included.

Table 2 (Thompson & Carlson, 2017, p.441)
Major Levels of Covariational Reasoning

Level Description
Smooth Continuous The person envisions increases or decreases (hereafter, changes) in one quantity’s or variable’s value
Covariation (hereafter, variable) as happening simultaneously with changes in another variable’s value, and they

envision both variables varying smoothly and continuously.

Chunky Continuous
Covariation

The person envisions changes in one variable’s value as happening simultaneously with changes in
another variable’s value, and they envision both variables varying with chunky continuous variation.

Coordination of
Values

The person coordinates the values of one variable (x) with values of another variable (y) with the
anticipation of creating a discrete collection of pairs (X, y).

Gross Coordination
of Values

The person forms a gross image of quantity’s values varying together, such as “this quantity
increases while that quantity decreases”. The person does not envision that individual values of
quantities go together. Instead, the person envisions a loose, non-multiplicative link between the
overall changes in two guantities’ values.

Pre- Coordination of
Values

The person envisions two variable’s values varying, but asynchronously---one variable changes, then
the second variable changes, then the first, etc. The person does not anticipate creating pairs of
values as multiplicative objects.

No Coordination

The person has no image of variables varying together. The person focuses on one or another
variable’s variation with no coordination of values.

To elaborate the differences between these six levels of covariation, consider a plane so

that as it covers distance along the ground, its altitude changes. At a no coordination level, a
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student focuses on distance varying or the altitude changing but does not conceive of the two
quantities changing together. At a pre-coordination of values level, a student conceives of
distance changing and then the altitude changing but does not conceive of both distance and
altitude changing together. At a gross coordination of values level, a student may say that as the
distance increases, the altitude increases and then decreases, but may not conceive of quantities’
values changing together. At a coordination of values level, a student conceives of coordinating
the values of distance and altitude and conceives of ordered pairs. At a chunky continuous
covariation level, a student conceives of values of distance and altitude changing simultaneously
within a chunk. At a smooth continuous covariation level, a student conceives of distance and
altitude as quantities that change together simultaneously and keeps track of distance and altitude
changing together smoothly and continuously.

Multiplicative object. Constructing an invariant relationship between quantities and
conceiving of continuous variation are part of Thompson’s definition of covariational reasoning.
However, in order to engage in covariational reasoning, the student must coordinate two images
of variation and construct what Thompson term multiplicative object. Saldanha and Thompson
(1998) explained multiplicative object as:

Covariation is of someone holding in mind a sustained image of two quantities’ values

(magnitudes) simultaneously. It entails coupling the two quantities, so that, in one’s

understanding, a multiplicative object is formed of the two. As a multiplicative object,

one tracks either quantity’s value with the immediate, explicit, and persistent realization

that, at every moment, the other quantity also has a value (Saldanha & Thompson, 1998,

pp. 1-2).
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Saldanha and Thompson (1998) extended the work of Inhelder and Piaget (1964) and
explained that when a student constructs a multiplicative object, he/she conceives of how two
quantities’ values vary together so that whenever he/she conceives of variation of one quantity,
he/she necessarily imagines variation in the other. For example, if a student conceives of a point
(%, y) in the Cartesian Coordinate system as a multiplicative object, then as he/she conceives of
the value of x varying, he/she also conceives of the value of y varying with x. That is one way
how an individual can conceive of a point on a graph as a multiplicative object so that an
individual’s conception of a point (X, y) is not dependent on a procedure to determine a location
of a point (X, y).

Situating Thompson’s Covariational Reasoning with Other Perspectives

There are different ways of thinking that constitute covariational reasoning. | elaborate
on Confrey and Smith and Carlson’s work because Thompson’s definition of covariational
reasoning contrasts with Confrey and Smith (1994, 1995) and builds on Carlson et al.’s (2002)
framework.

Confrey and Smith’s definition of covariational reasoning. Confrey and Smith (1994,
1995) defined covariational reasoning as a process of coordinating successive values of two
variables. According to Confrey and Smith (1994), students are “able to move operationally
from yn, to ym+1 coordinating with movement from Xy, to Xm+1” (p.137). When engaged in this
activity, students focused on the repeated action of change in the value of x and change in the
value of y. For example, consider the relationship represented in Figure 1. A student might
construct the pattern that in each subsequent row, the value of x always increases by 2 and the
value of y increases by 4. He/she can coordinate these changes and conceive of the value of x

increasing by 1, % of 2, then the value of y must increase by 2, %2 of 4. A student determines a
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new pair of values that satisfies the relationship between x and y by identifying patterns of
change in the value of x, patterns of change in the value of y, and then coordinating these patterns

of change.
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Figure 1 : Constructing patterns of change in x and y values

Confrey and Smith reported that students found the covariation approach to function
more intuitive than the arbitrary correspondence from x to f(x). Confrey and Smith’s conception
of covariational reasoning emerged from their research on how students conceived of
exponential functions (Confrey & Smith, 1994, 1995). They proposed that once a student
constructed an additive conception of counting and a multiplicative conception of splitting,
he/she could conceive of exponential functions by coordinating changes in the value of x with
changes in the value of y. Confrey and Smith (1995) described a notion of covariation where
students coordinate a completed change in the value of x with a completed change in the value of
Yy, which contrasts with Thompson’s definition of covariational reasoning. Thompson (2011)
described covariational reasoning where students track two quantities’ values changing
simultaneously.

Carlson’s framework of covariational reasoning. Thompson and Carlson’s (2017)
covariation framework builds from Carlson et al.’s (2002) framework, but the difference is that

Carlson et al. (2002) included rate of change as part of their framework whereas Thompson and

18



Carlson (2017) revised their framework and kept rate of change separate. Rate is no longer
integrated into the covariation framework.

Carlson et al. (2002) framework involved an image defined as “dynamics of mental
operations” (Thompson, 19944, p. 231). By an individual’s image of a quantity, | refer to
“dynamics of mental operations” (Thompson, 1994a, p.231) which are the same as Castillo-
Garsow’s (2010, 2012) images of change. We can learn how students may conceive of a quantity
by examining and comparing different ways in which they represent their mental images or
conceptions of a quantity.

Representations of Functions

A representation can be defined as “a configuration of some kind that, as a whole or part
by part, corresponds to, is referentially associated with, stands for, symbolizes, interacts in a
special manner with, or otherwise represents something else” (Goldin & Kaput, 1996, p. 398).
Representations can be either internal or external, where an internal representation can be
defined as “possible mental configurations of individuals, such as learners or problem solvers”
(Goldin & Kaput, 1996, p.399), and an external representation can be defined as “physically
embodied, observable configurations such as words, graphs, pictures, equations, or computer
micro worlds” (Goldin & Kaput, 1996, 400). For example, when a student conceives of distance
increasing and writes numbers along the x-axis, he/she writes numbers to represent distance as an
increasing quantity. Students’ internal and external representations can inform how they
conceive of function and general function notation (y=f(x)).

The representation a mathematical relationship takes can profoundly influence how one
understands the underlying relationship (Leinhardt et al., 1990). There are several researchers

who have highlighted the importance of different representations of the same thing (e.g.,
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Dubinsky & Wilson, 2013; Duval, 1987; Even, 1998; Gagatsis & Shiakalli, 2004; Habre &
Abboud (2006); Janvier, 1987; Hitt, 1998; Moschkovich, Schnoenfeld, & Arcavi, 1993).
Duval (1987) defined the notion of natural interpretation as understanding the meaning of a
concept and identifying equivalent meanings of different representations of the same concept.
Janvier (1987) used the term translation and suggested that to develop students’ translation
ability, the students should be asked to perform translations both from the source (initial
representation) to the target (final representation) and from the target to the source (Janvier,
1987). For example, given an equation and a graph, there are two translations- from a graph to
an equation and from an equation to a graph. Translations between representations and
transformations within them are also very important (Lesh, Post & Behr, 1987a, 1987b;
Moschkovich et al., 1993).
Conceptions of Function

I will address Action, Process, Object, Schema (APOS) theory (Dubinsky, 1991) which
builds on Piaget’s (1985) theory of learning. Dubinsky considered that reflective abstraction is
the mental mechanism by which all logico-mathematical structures are developed in the mind of
an individual (Piaget, 1985). The APOS stages of Dubinsky (1991) are one way of evaluating a
student’s understanding of a mathematical concept (e.g., function) and provide a road map for
helping the student in that development. Action and process conceptions of function by
Dubinsky and Harel (1992) build on the theoretical perspective of APOS theory. According to
Dubinsky and Harel (1992), an action conception of function involves substituting numbers and
evaluating algebraic expressions. For example, given f(x)= 3x+2, and x=2, students can evaluate

f(2). In contrast to an action view, Dubinsky and Harel (1992) state that:
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A process conception of function involves a dynamic transformation of quantities
according to some repeatable means that, given the same original quantity, will always
produce the same transformed quantity. The subject is able to think about the
transformation as a complete activity beginning with objects of some kind, doing
something to these objects, and obtaining new objects as a result of what was done.
When the subject has a process conception, he or she will be able, for example, to
combine it with other processes, or even reverse it. Notions such as 1-1 or onto become
more accessible as the subject’s process conception strengthens (p.85)

For example, given the function f(x) =3x + 2, the student can imagine a set of input values

that are mapped to a set of output values by the defining expression for f. A student with a
process view could engage in the cognitive activity of “running through a continuum of input
values” without actually determining specific values (Oehrtman, Carlson, & Thompson, 2008,
p.33). This ability of moving from an action to process view of function is particularly important
when reasoning covariationally (Carlson & Oehrtman, 2005; Oehrtman et al., 2008). For the
purposes of this study, | used action-process distinctions to discuss students’ conceptions of
function and general function notation (y=f(x)).
Student Perspective on Tasks

Tasks are more than just written problems; they include how students conceive of the tasks
(Johnson et al., 2017a; Sierpinska, 2004). Taking a student perspective on tasks, Johnson et al.
(2017a) defined mathematical tasks as “a designer’s intended purpose for the task, a teacher’s
intentions in implementing a task, students’ activity in undertaking a task, and artifacts (problem
statement, tools and constructed objects, including student written materials) employed in and

generated by the actions of teachers and students during the process of task completion” (p.814).
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By this definition | mean that teachers and students both have certain goals with the task and
students’ actions may depend on teachers’ actions. Teachers can pose questions in a way that
brings student perspectives and provide opportunities for students to learn.

To provide students opportunities to engage in quantitative reasoning and covariational
reasoning and interpret function notation, tasks matter. If students are given cognitively
demanding non-routine tasks, the students develop their cognitive abilities and also participate in
classroom discussions. In recent efforts to improve mathematics teaching and learning,
mathematical tasks have been given considerable attention. The National Council of Teachers of
Mathematics (2000) and the more recent Common Core State Standards for mathematics
(National Governors Association Center for Best Practices & Council of Chief State School
Officers, 2010) describe a set of goals for students’ mathematical learning that include both
procedural fluency and conceptual understanding in a range of mathematical domains.

Scholars laying groundwork for function represented relationships between varying
quantities (e.g., Carlson, 1998; Thompson & Carlson, 2017) which may help students to expand
their current conceptions of functions. When students engage in problem solving, they attempt
to relate their task to the concepts, meanings, and approaches they acquired in their past
experiences of mathematics and problem solving (Hung, 2000). Moreover, the tasks allow
students to engage in mathematical activity below or beyond their current level of understanding
and impact their learning in the process (Nagle & Styers, 2015). Therefore, it is desirable to
design tasks that will provide students’ opportunities to develop their conceptions of function

and function notation.
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Concluding Remarks

Mathematics is a product of human activity which implies that mathematics concepts are
not static ideas that can be passed on from one person to the next (Freudenthal, 1973).
Thompson’s theory of quantitative reasoning and covariational reasoning as well as Dubinsky’s
conceptions of function are built on Piaget’s constructivist theory. From Piaget’s stance,
students construct their own understandings, and those constructions depend on their current
understandings. How students represent something internally or externally as well as the tasks
students engage in helps them to expand on their current conceptions. As a result, students
construct new knowledge based on those current conceptions. Thompson’s theory, Dubinsky’s
conceptions of function, students’ internal and external representations, and tasks students
engage in can inform how students conceive of quantities and how their covariational reasoning

is related to their conceptions of function and general function notation (y=f(x)).
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CHAPTER I11
LITERATURE REVIEW

In this Literature review, | focused on research related to function and function notation.
In the following sections, | elaborate on the research done on the concept of a function,
covariational reasoning, variables, and function notation. What is missing from the literature is
an empirical study that links quantitative reasoning and covariational reasoning to general
function notation y=f(x). In my study, I seek to fill that gap between reasoning with quantities
and reasoning with function notation y=f(x) based on quantities.

First, | present various definitions of a function and students’ conceptions of a function.
Second, | address students’ interpretation of function notation. Third, | address tasks involving
graphs because researchers investigating secondary students’ and pre-service and in-service
teachers’ quantitative and covariational reasoning have made extensive use of graphs (e.g.,
Johnson, 2012a; Johnson, 2012b; Johnson, 2015a, 2015b; Leinhardt et al., 1990; Moore &
Thompson, 2015; Moore et al., in press). | use tasks in my interviews and the tasks build on the
literature. | conclude with key ideas emerging from the literature review.

Functions

| provide a brief historical perspective of function to describe how scholars developed the
notion of a function. Mathematics is a human activity, which implies that functions are not static
ideas that can be passed on from one person to the next (Freudenthal, 1973). The definition of a
function was shaped over time. | focus on the definitions of function because the definitions
provide a way to investigate what students think when they hear the word function. The
definitions include defining a function as correspondence and covariation (Thompson &

Carlson, 2017). Definitions also encompass how students conceive of different representations
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of functions and the connections they make between representations, such as a graph and
function notation.

Brief historical perspective. Function is a concept that scholars developed, and its
definition evolved over time (Kleiner, 1989; O’ Connor & Robertson, 2005; Sfard, 1992;
Sierpinska, 1992). Historically, envisioning variables as varying continuously (variation) has
been foundational to the development of important mathematics (Kaput, 1994; Thompson &
Carlson, 2017). Kaput (1994) argued that emerging conceptions of quantities varying
continuously were central to the emergence of calculus. Similarly, Euler and Leibniz spoke of
change in one variable producing change in another variable. However, mathematicians
considered reasoning about how variables changed together to be an intuitive understanding of
function. As a result, covariational reasoning got undervalued and Dirichlet’s definition on an
arbitrary correspondence of function became central and Dirichlet’s definition is prevalent today
(Kaput, 1994; Thompson & Carlson, 2017).

Correspondence definition. Functions are usually defined as a correspondence between
x and y values. A function can be defined as “A function f: S — T consists of two sets S and
T together with a “rule” that assigns to each x € S a specific element of T, denoted f(x)”
(Marsden & Hoffman, 1993, p.3). This definition of a function is known as the Dirichlet-
Bourbaki definition of a function, which is consistent with the correspondence definition.
Correspondence definition is more codified in curricular materials. The correspondence
definition has two distinct characteristics namely arbitrariness and univalence (Freudenthal,
1983). The arbitrariness of a function refers to “both the relationship between the two sets on

which the function is defined and the sets themselves” (Even, 1993, p.96). This means there
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does not need to be a specific symbolic expression, a set pattern in a table of values, or a
graph with a specific shape. | describe univalence property below because | use that in my
analysis.

Univalence. This characteristic of a function refers to the part of the definition that states
that for each element in the domain, there is only one element in the range (Even, 1990; Even,
1993). The univalence characteristic of a function implies both one-to-one and onto notions of a

function as shown in Figure 2 below:

Domain Range A B

4 5

Figure 2: Both diagrams satisfy univalence property. Retrieved from http://images.google.com

In this Venn diagram, the image shown on the left shows a one-to-one mapping where
each input has a different output. The image shown on the right represents an onto function
where two different inputs in A are mapping to the same output in B.

Defining function in terms of quantity (covariation). An alternative way to define a
function is by expressing a relationship between two quantities that change together
(covariation). Chazan (2000) and Thompson and Carlson (2017) defined a function taking this
covariational perspective, but 1 use Thompson and Carlson’s (2017) definition of a function.
Chazan (2000) defined a function as an expression of the relationship between quantities where
the “output variables depend unambiguously on input variables” (p. 84). This definition of
function makes clear the covarying relationship of quantities involved. Thompson and Carlson
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(2017) define a function as: “A function, covariationally, is a conception of two quantities
varying simultaneously such that there is an invariant relationship between their values that has
the property that, in the person’s conception, every value of one quantity determines exactly one
value of the other” (p.444). The definition by Thompson and Carlson (2017) is similar to
Chazan’s (2000) gquantity-based definition, but it further explicates meaning of function without
mentioning input and output variables. Thompson and Carlson’s (2017) definition of function
combines the prior definition of function (for every x, there is an output y) to the covariational
aspect and offers a complete definition of function based on quantities. Furthermore, this
definition does not specify variables as dependent and independent or as variables x and y, so a
person can envision simply two quantities that covary.

I distinguish two different parts in Thompson and Carlson’s (2017) definition of a
function. A student conceiving of function in a way consistent with Thompson and Carlson’s
(2017) definition of function could engage in covariational reasoning and employ a
correspondence approach. For the first part of the definition (p. 444), "a conception of two
quantities varying simultaneously such that there is an invariant relationship between them"”,
students could engage in covariational reasoning. Then for the second part (p. 444), "every value
of one quantity determines the other" they could employ a correspondence approach. | explain
this with an example. Consider a Ferris wheel situation with distance traveled around the Ferris
wheel and the height of the Ferris wheel. An individual who conceives of height as a function of
distance such that as distance increases, the height increases and then decreases, conceives of an
invariant relationship between quantities. If an individual conceives of one distance value

corresponding to a value of height, he/she employs a correspondence approach. So, | refer to
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Thompson and Carlson’s (2017) definition as a combination of quantitative reasoning and
covariational reasoning, and a correspondence approach.

Both covariation and correspondence approaches to function may be useful to learn about
students’ reasoning of function and function notation. In a correspondence approach, a student
has a more static view of function, in which a function has a fixed relationship between the
members of two sets. In a covariation approach, a student conceives of a function as a
relationship between two quantities, so covariation definition is more intuitive (Thompson &
Carlson, 2017). A combination of covariation and correspondence approaches can be helpful for
student to learn about function and general function notation (y=f(x)).

Empirical studies on function. In this section, | present studies that emphasize the
importance of covariational reasoning and quantitative reasoning for students’ understanding of
function. Ellis and colleagues (e.qg., Ellis, 2007; Ellis, 2011; Ellis, Ozgur, Kulow, Williams, &
Amidon, 2013; Ellis, Ozgur, Kulow, Williams, & Amidon, 2015; Ellis, Ozgur, Kulow, Dogan &
Amidon, 2016) have focused on middle school students’ reasoning with function. Ellis (2007)
reported results of a teaching experiment on a group of seventh-graders’ reasoning with linear
function where students explored constant rates of change by investigating gear ratios and
constant speeds. Ellis (2011) reported results on middle school students’ understanding of
functional relationships, who worked with gear ratios and growing rectangles tasks which
supported students’ abilities to conceive of functions from a quantitatively meaningful stance.
Ellis (2011) suggested that beginning with a covariation approach, a student had a more flexible
view of function that had the correspondence perspective embedded in it. In other words, the

students coordinated both the correspondence and covariation approaches.
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Ellis and colleagues (Ellis et al., 2013, Ellis et al., 2015, Ellis et al., 2016) focused on
exponential functions and reported the results of teaching experiments with middle school
students. Ellis et al. (2013) proposed a learning trajectory (LT) related to exponential function.
The LT showed three types of reasoning involved in conceiving of exponential function: pre-
function, covariation and correspondence. Similarly, Ellis et al. (2016) presented an
Exponential growth learning trajectory (EGLT) and reported the results of a teaching experiment
with middle school students who explored the growth of a plant. Ellis et al. (2013) and Ellis et
al. (2016) suggested that pre-functional reasoning developed prior to covariational reasoning
and correspondence reasoning and the development of correspondence and covariation may
occur in a non-sequential manner. The results of these studies also suggested that covariational
reasoning influenced students’ interpretation of correspondence rules and they moved back and
forth between correspondence and covariation perspectives. Ellis et al. (2016) reported that
students’ reasoning about exponential growth as a correspondence emerged simultaneously with
their covariational reasoning. Ellis et al. (2015) reported the results of a teaching experiment
with middle school students who explored the growth of a plant, emphasizing three conceptual
shifts in coordination of multiplicative and additive growth for exponentiation that supported
students’ abilities to flexibly move between the covariation and correspondence approaches to
function. In all these studies, the authors suggested that students who engaged in covariational
reasoning began to develop sophisticated covariational reasoning and a correspondence
perspective in tandem.

Empirical studies on the definition of a function. The definition of a function,
including its characteristics, appears to be straightforward to mathematicians and scholars. This

is not necessarily the case for students who are learning about functions. It is, therefore,
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important to determine how one defines a function in order to learn how one conceives of a
function. In this section, I include empirical studies that address students’ reasoning regarding
different definitions of a function. Researchers have found that high-performing college students
may possess weak function conceptions (Breidenbach et al., 1992; Carlson, 1998; Thompson,
1994b). Students can think a function must be defined by a single algebraic formula
(Breidenbach et al., 1992; Carlson, 1998; Clement, 2001; Even, 1990; Even, 1993; Sierpinska,
1992).

I specifically address the study by Even (1993) because it offers a qualitative way for
interpreting students’ conceptions of the definition of a function. Even (1993) reported a
qualitative study conducted on prospective teachers’ pedagogical and subject matter knowledge
of the characteristics of a function called arbitrariness and univalence. The participants’
responses as they related to arbitrariness were typically found to be (a) functions are (or can
always be represented as) formulas or equations; (b) graphs of functions should be nice (smooth
and continuous); (c) functions are “known” (Even, 1993, p.104). The participants responses
related to univalence (every element in the domain corresponds to exactly one element in the
range) were such that most of them knew this requirement for a relation to be a function, but
most of them did not know why this was a requirement. | use Even (1990, 1993) categories for
students’ responses on the essential characteristics of a function. The above-mentioned study
served as a tool that was used in describing students’ conceptions of the definition of a function.
Students’ Interpretation of VVariables and Function Notation

Variables. Because variables have different meanings in different contexts, the notion of
a variable is very important to consider in school algebra (Dogbey & Keraint, 2012; Philipp,

1992; Usiskin, 1988; Wagner, 1999). Researchers have found that students as well as many
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teachers find it difficult to work effectively with variables (e.g., Clement, 1982; Schoenfeld &
Arcavi, 1988). These difficulties with variables have been attributed to many factors, including
the historical development of variables (Stacey & MacGregor, 1997; Philipp, 1992; Usiskin,
1988) as well as different ways variables are used in different contexts (e.g., x as an unknown in
2x=1 and x as in y=f(x)). Function notation has been reported to be an enormous obstacle for
undergraduate students as they develop and refine their understanding of the function concept
(e.g., Carlson, 1998).

Complexity of variables. Variables are complex to interpret because of what they mean
in different contexts (e.g., Philipp, 1992; Stacey & MacGregor, 1997; Kieran, 1992; Kinzel,
1999; Usiskin, 1988). Researchers describe how variables are used in many different ways
today: as labels (h, s in 1h = 3600 s; 3600 seconds in 1 hour), specific unknowns (x in 2x+5=7),
continuous unknowns (x in x+2 where x=1, 2, 3, ...), varying quantities (X, y in X+y=y+x),
parameters (m, b in y=mx+b), and generalized numbers (x, y in x+y=y+x) in school mathematics
(Philipp, 1992; Usiskin, 1988). Both Stacey and MacGregor (1997) and Kinzel (1999) have
observed that students have a limited understanding of algebraic symbols used in different
contexts. Kieran (1992) reported that the majority of students think of variables as representing
just specific unknowns. Usiskin (1988) pointed out that many students think of variables as
letters that stand for only numbers. Yet, the roles of a variable are not always to represent
numbers. For example, the variable f often stands for a function. Because same variables are
used in different ways, it is difficult for students to interpret them.

Due to different uses of variables, students intertwine different meanings of variables
(Booth, 1988; Chazan, 2000; Stacey & MacGregor, 1997; Usiskin, 1988; Wagner, 1981). The

variables in mathematics are used to solve for specific unknowns (e.g., 2x+3=5) and the
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variables also imply relationships between quantities (e.g., f(x)=2x+3). Usiskin (1998) and
Chazan (2000) have addressed the dual nature of variables (as an unknown and as a quantity that
varies). For example, the variable x is both an unknown and a variable quantity at the same
time. Stacey and MacGregor (1997) found that Pre-Algebra students assigned values to
variables by turning to other symbol systems. For example, given a variable h representing the
height of a boy, some students assigned a value of 8 to h because h is the eighth letter of the
alphabet. In addition, Wagner (1981) examined U.S high school students’ understanding of
letter variables and found that the students considered different letters as always representing
different numbers in equations. Students treated n and w in the equations 7n +22= 109 and 7w
+22= 109 as representing two different numbers. In their view, n represented a smaller value
than w, because they thought that the alphabet that came before in an alphabetic order
represented a smaller value in an equation. Booth (1988) found that secondary students in UK
interpreted symbol as a label of something. For example, in a task “add 3 to 5y”, one student
referred to y as yacht, yogurt or yam. Although experts categorize the use of variables
differently, a student may not be able to distinguish the use of variable from one another. In all
those studies, researchers highlighted different ways students conceived of variables. There is a
need to support students’ learning of symbols so that they are able to distinguish between
different uses of variables.

Function Notation. Function notation is a product of human activity (Freudenthal,
1973) and has evolved over time. Cajori’s history of mathematical notations (Cajori, 1928,
1929) gave examples of different attempts and the difficulty to express the relationship between
two values. In 1734, Euler created our modern notation and adjusted his notation, but textbooks

began using his notation in early 1800’s. As I reviewed the literature, | found more studies that

32



focused on specific function notation such as f(x)=3x+4 and very few that focused on non-
specific rules or a variant of general function notation (y=f(x)) such as f(x+y) = f(x)+f(y), and |
describe them in the sections below.

Research on function notation involving specific rules. Researchers have addressed
function notation involving specific rules or formulas (e.g., Fonger et al., 2016; Musgrave &
Thompson, 2014; Thompson, 2013; Thompson & Milner, 2017). Fonger et al. (2016) focused
on middle school students’ conceptions of quadratic function rules of the form y=ax? and ways
of reasoning supporting their abilities to write notation rules. Fonger and colleagues suggested
that tasks focused on covariational reasoning could allow students to have a flexible
understanding of function rules. They found that students who engaged in covariational
reasoning conceived of function rules as statements of covariation. The students did not have to
be flexible going back and forth between the correspondence and covariation approaches.
Covariation alone was more powerful to conceive of the quadratic function rule y=ax’.

Thompson (2013) stated that individuals should use function notation to express a
relationship between two quantities. Musgrave and Thompson (2014) as well as Thompson and
Milner (2017) focused on high school teachers’ meanings of function notation and included
similar tasks that were taken from the Mathematical Meanings for Teaching secondary
mathematics (MMTsm) instrument. Musgrave and Thompson (2014) reported that teachers had
limited conceptions of function notation and the teachers were not bothered by an ill-defined
function. By an ill-defined function the authors meant that the variable on the right-hand side
was different than the variable on the left-hand side (e.g., f(x)= n+1). Musgrave and Thompson
(2014) explained that some teachers conceived of the left-hand side of function notation (e.g.,

f(x)=3m+5) as a “four-character idiom consisting of function name, parenthesis, variable, and
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parenthesis” (p. 281). In the case of f(x)=3m+5, students may evaluate f(2), because to them, the
left-hand side is an idiom and is less relevant , so they only pay attention to the right-hand side
and get an output of 11. Thompson and Milner (2017) reported results on teachers’ meanings of
function notation in South Korea and the United States. They found that middle and high school
teachers in South Korea had more productive meanings of function notation than the U.S high
school teachers. Teachers/students should be provided opportunities so that they interpret
function notation as representing a relationship between quantities.

Research on function notation involving non-specific rules. In this section, | address
results from studies on function notation involving non-specific rules. In contrast to research on
specific rules that focused on students’ covariational reasoning, Sajka (2003) as well as Tall,
Gray, Ali, Crowley, DeMarois, McGowen, Pitta, Pinto, Thomas and Yusof (2001) employed
Gray and Tall (1994) procept theory to address the dual use of symbols. According to the
procept theory, symbols could be interpreted as both a process and a concept which they termed
procept. For example, multiplication of 8x4 represents multiplication as a process (successive
addition) and the result of the process (multiplication of 8x4=32). Sajka (2003) presented a work
of a secondary school student named Kasia who interpreted f(x+y) = f(x)+f(y). Sajka explained
that Kasia’s interpretation of function notation consisted of four procepts. Sajka described how
Kasia interpreted f(x) and f(y). At a process stage, Kasia computed values and drew a graph. At
the concept stage, she conceived of a function as a formula alone, something that determines the
formula, graph alone, and formulas and graphs together.

Sajka (2003) focused on function notation involving non-specific rules or a variant of the
general function notation (y=f(x)) such as f(x+y)=f(x)+f(y). Tall etal. (2001) focused on the

development of symbols in arithmetic, algebra, calculus, and undergraduate mathematics and
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addressed the dual use of symbols as a process and concept. Using Gray and Tall (1994)
procept theory, Tall et al. (2001) explained that symbols could be interpreted using both the
process and the concept or the procept. Tall and colleagues explained that concept was the
output of the process. For example, Tall et al. (2001) explained that y=f(x) could be interpreted
as an assignment as a process and a function as a concept. As a process, by assignment, they
probably mean x is an input, f is the name of a function, and y is the output. As a concept, x as an
input, f as the name of a function, and y as an output defines a function. In contrast to Sajka
(2003) and Tall et al. (2001), in my study, | focus on the impact of students’ covariational
reasoning on their interpretation of general function notation (y=f(x)).
Tasks

In this section, | discuss different tasks that have been used to foster students’ variational and
covariational reasoing. | draw on tasks involving non-dynamic graphs where attributes were
represented on different axes that researchers such as Moore et al. (2013), Moore and Thompson
(2015), Moore et al. (2014), and Moore et al. (in press) used in their studies and | adapt those
tasks to include function notation y=f(x). I build on Johnson’s work (e.g., Johnson, 2015b;
Johnson, et al., 2016; Johnson, et al., 2017b) related to the Ferris wheel tasks that involved a
dynamic computer environment and extend the Ferris wheel tasks to function notation y=f(x). |
also draw on tasks where students responded to other students’ claims about graphs (Johnson,
Olson, Gardner, & Smith, 2018, August) to learn more about students’ reasoning with function
notation y=f(x).

Tasks related to graphs. Graphs are prevalent in studies where researchers investigated

students’ covariational reasoning and conceptions of function. Teachers/researchers cannot treat

functions and graphs as isolated concepts, as they serve as a “bridge between reasoning from the
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concrete to the abstract and reasoning among abstractions” (Leinhardt et al., 1990, p. 3). In other
words, graphical representations may allow researchers to investigate students’ quantitative
reasoning and covariational reasoning. Different ways in which students label the axes and how
they reason about the shape of a graph can inform how students form relationships between
varying quantities. Students conceive of graphs in different ways and it matters.

Moore and Thompson (2015) introduced the constructs of static shape thinking and
emergent shape thinking to make distinctions regarding students’ interpretation of graphs. In
static shape thinking (Moore & Thompson, 2015), a particular shape or property of shape implies
something about quantities. For example, an individual engaged in static shape thinking would
conceive of a parabola as U-shaped. In emergent shape thinking (Moore & Thompson, 2015),
the students view a graph in terms of a trace and how it is made. In other words, a student
engaging in emergent shape thinking would interpret the graph as expressing the same
relationship between quantities. To develop students’ reasoning with function and function
notation, students should be provided opportunities so that they can conceive of graphs as
emergent traces expressing the same relationship between quantities.

Research focused on shape of graphs. Researchers (e.g., Bell & Janvier, 1981;
Carlson, 1998; Leinhardt et al., 1990) have explicated impoverished ways in which students
interpreted graphs. For example, students may conceive of graphs iconically, such that the shape
of a graph would resemble an object.

Bell and Janvier (1981) found that students’ reasoning about graphs was based on their
perception of the shape of the graph. Bell and Janvier (1981) used terms such as situational
distractions and pictorial distractions. They explained that situational distractions occur when

the student’s experience of the situation interferes with his/her ability to attend to the meanings
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of the features of the graphs. They also explained that pictorial distractions occur when the
student confuses the aspects of the situation. To illustrate these types of distractions, consider
the Ferris wheel task (see Figures 4 and 5). Students experiencing a pictorial distraction would
graph a circle to represent the relationship between distance and height because the shape of the
Ferris wheel should match the shape of the graph. Students experiencing a situational distraction
may say that the Ferris wheel is a circle so both distance and height should be increasing and
then decreasing. The shape of a graph impacted students’ interpretation of graphs.

Similarly, Carlson (1998) found that students’ interpretation of graphs depended on the
shape of a graph. Carlson (1998) studied how College Algebra and second semester Calculus
students reasoned about the position of two cars after one hour given graphs of each car’s
velocity with respect to time. Carlson found that 88% of students who completed College
Algebra with an A and 29% of students who completed Calculus with an A interpreted graphs as
pictures of the paths of the cars. Bell and Janvier (1981) and Carlson’s (1998) findings provide
evidence that students often reason about graphs based on physical characteristics such as the
shape of a graph.

Empirical studies related to multiplicative objects. Several researchers have argued
for the importance of conceiving of graphs as multiplicative objects (e.g., Ellis et al., 2015;
Johnson et al., 2016; Johnson et al., 2017b; Stalvey & Vidakovic, 2015; Thompson, Hatfield,
Yoon, Joshua, & Byerly, 2017). Ellis et al. (2015) found that conceiving of multiplicative
objects was difficult for middle school students, yet they conceived of quantities at higher levels
of variational reasoning. Ellis et al. (2015) reported the results of a teaching experiment with
middle school students and explained that students’ exponential function reasoning involved

conceiving of a next value as the product of a prior value and the growth factor. In particular, a
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student named Uditi conceived of the variation of a quantity’s value as increasing by intervals of
a fixed size, which is consistent with what Thompson and Carlson (2017) term chunky
continuous variation. Uditi did not conceive of quantities as multiplicative objects because her
reasoning was at a variational level.

Johnson et al. (2016) and Johnson et al. (2017b) found that students at more advanced
levels of covariational reasoning demonstrated that they could conceive of a relationship between
the values of individual quantities as a multiplicative object, which entailed transforming
individual quantities to create a new, joint quantity that comprised the individual quantities.
Johnson shared the work of Ana, who interacted with the dynamic Ferris wheel activity. Ana
first envisioned the quantities as changing separately (variation) and then changing together
(covariation). Ana’s reasoning was consistent with the highest level of covariational reasoning
by Thompson and Carlson (2017) called smooth continuous covariation, so she conceived of
quantities as a multiplicative object.

Stalvey and Vidakovic’s (2015) emphasize the centrality of multiplicative objects in a
study of 15 Calculus 2 students’ responses to the task. Stalvey and Vidakovic (2015) asked
students to do these activities: a) graph a relationship between time and the volume of water for
both coolers on the same coordinate plane, (b) graph a relationship between time and the height
of the water for both coolers on the same coordinate plane, (c) graph a relationship between the
volume of the water and the height of the water for both coolers on the same coordinate plane,
and (d) indicate the orientation of your graph in (c). Students could answer questions (a) and (b)
in terms of an understanding of constant rate of change with respect to time and linearity and
envisioned either quantity varying with the passage of time. But questions (c) and (d) demanded

that students covary height and volume as each varied with respect to time. Students needed to
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create volume versus height as a multiplicative object. Stalvey and Vidakovic (2015) reported
that a majority of students struggled to envision values of height and values of volume as varying
simultaneously in order to sketch a graph. However, one student conceived of the relationship
between volume and height as a multiplicative object, such that both height and volume changed
simultaneously over small intervals of change.

In another study, Thompson, Hatfield, Yoon, Joshua, and Byerly (2017) reported results
from their investigations of in-service mathematics teachers’ covariational reasoning. The task
consisted of an animation that presented two bars (labeled v and u) of varying length on the un-
numbered axes. The teachers were asked to sketch a graph that captured the values of u in
relation to the values of v. The task focused on teachers’ placement of the graph’s initial point,
and their graphs’ shape. As the animation played, the lengths of the bars varied together each
having one end fixed at the origin. Like Stalvey and Vidakovic (2015), Thompson et al. (2017)
argued that their results highlighted the importance of conceiving of a point as a multiplicative
object in order to conceive of a graph as a representation of two quantities changing together.

Researcher moves with task design. Having students examine and construct graphs
without numbers can help them to focus on the relationship shown by the graph (Van de Walle
and Lovin, 2006; Johnson, 2015b; Johnson et al., 2017b). Researchers such as Moore and
Thompson (2015), Moore et al. (2014), Moore et al. (in press), Johnson (2015b), Johnson et al.
(2016), and Johnson et al. (2017b) used tasks with same attributes represented on different axes
and addressed the importance of quantitative reasoning and covariational reasoning.

Moore’s Tasks. Moore, Paoletti, and Musgrave (2013), Moore and Thompson (2015),
Moore et al. (2014), and Moore et al. (in press) used non-dynamic graphs in their study and

suggested the importance of covariational reasoning. Moore and Thompson (2015) conducted a

39



study to learn about students, teachers, and undergraduate students’ reasoning about graphs. The
tasks used in this study involved the same attributes represented on different axes in a non-
dynamic Cartesian coordinate system. Moore et al. (2014) conducted a teaching experiment that
consisted of fifteen 75-minute teaching sessions. The participants were prospective secondary
teachers (PST) and they were given two tasks. The first task involved the graph of y=3x with
unlabeled axes, and the second graph had a different orientation of the axes (y was along the
horizontal axis and the x was along the vertical axis). The PSTs had difficulty accepting that
both graphs represented y=3x, because their concept of slope entailed perceptual cues and global
properties of change (static) rather than on the graphs representing quantities that changed
together. The second task in Moore et al. (2014) presented the distance and time relationship
with different axis orientations. The teachers were asked in an interview if each graph
represented a function. Since the relationship between the distance and time was given as a
parabola, the PSTs applied the vertical line test and concluded that the graph did not represent a
function. The findings of Moore et al. (2014) were similar to Breidenbach et al. (1992) findings
who also stated that the vertical line test inhibited students’ ability to conceive of x as a function
of y.

Researchers/teachers need to “break conventions” to support students’ quantitative
reasoning (Moore et al., 2014). By “breaking conventions”, | mean representing quantities in
graphs and function rules differently than what is a common practice in our mathematics
community. For example, suppose we have a function given by h=f(d), where d is the distance
and h is the height. If we represent the attribute of height on the horizontal axis and the attribute
of distance on the vertical axis, a student using a convention of the vertical line test will say that

the graph does not pass the vertical line test, so it does not represent a function. But, from a
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guantitative reasoning perspective, representing the attributes on different axes does not change
the relationship between two quantities, so we can express this relationship between quantities as
h equals f of d (h=f(d)). It is desirable to promote students’ use of emergent shape thinking when
interpreting graphs (Moore & Thompson, 2015). Moore et al. (in press) found that some pre-
service and in-service teachers conceived of graphs as emergent traces and conceived of graphs
representing x as a function of y with x along the vertical axis and y along the horizontal axis.

Moore et al. (2013) conducted a study to explore service teachers reasoning with graphs
in both the Cartesian Coordinate System (CCS) and the Polar Coordinate System (PCS). They
asked the participants to graph functions, such as f{6#)=26 +1. The teachers began by plotting
points and then considered how the values of quantities changed together. Moore and colleagues
explained that one of the teachers was able to reason that two graphs that looked different
represented the same relationship between quantities. The results from this study suggest that
teachers construct invariant relationships by engaging in covariational reasoning. | see a need to
extend students’ engagement in covariational reasoning to learn more about general function
notation (y=f(x)).

Johnson’s Tasks. Johnson (2015b), Johnson et al. (2016) and Johnson et al. (2017b)
used Geometer’s Sketchpad Software (Jackiw, 2009) to develop a dynamic computer
environment namely the Ferris wheel task. The Ferris wheel environment linked an animation of
a Ferris wheel to a dynamic graph relating the quantities of height and distance (see Figures 4
and 5). Johnson (e.g., Johnson, 2015b; Johnson et al., 2016) designed the tasks to study shifts in
students’ reasoning within variational reasoning, from variational reasoning to covariational
reasoning, and within covariational reasoning. Johnson included tasks with attributes

represented on different axes. Johnson et al. (2018) designed dynamic covariation techtivities
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(e.g., Cannon man situation) to promote College Algebra students’ covariational reasoning.
Johnson and colleagues incorporated Cartesian graphs that represented the same attributes in
different ways to provide students opportunities to conceive of graphs representing relationships
between quantities.

Johnson et al. (2016) shared the work of Ana, who interacted with the dynamic Ferris
wheel activity. Ana first envisioned the quantities as changing separately (variation) and then
changing together (covariation). Her graphs also showed different features when representing
the changing distance and height. In particular, investigation of function with the Ferris wheel
activity by Johnson et al. (2016) revealed that changing the orientation of the axes provided
opportunities for Ana to conceive of height and distance as varying together within different
intervals. In the first case, Ana conceived of change occurring in different directions, such as the
quantities of height and distance were increasing or decreasing. Her graph showed a single type
of curvature to represent change occurring in different directions. In the second case, she
conceived of height and distance as varying together within different intervals. In the case of
change occurring in an interval, such as from zero to half the total distance, she noticed that the
height increases slowly at first, then more quickly, then more slowly as the car reached the
maximum height. Her graph depicted different types of curvature to show change occurring in
an interval.

The results of Johnson and colleagues (Johnson, 2015b; Johnson et al., 2016; Johnson et
al., 2017b) and Moore and colleagues (Moore et al., 2013; Moore et al., 2014; Moore &
Thompson, 2015; Moore et al., in press) studies suggested that engaging in quantitative
reasoning and covariational reasoning shifted students’ and teachers’ reasoning about graphs as

images of quantities that changed together. | adapted Johnson’s Ferris wheel tasks, and Moore’s

42



as well as Johnson’s tasks with attributes on different axes to include function notation to learn
about students’ conceptions of general function notation (y=f(x)).
Connecting Levels of Function Notation Connected to Students’ Variational and
Covariational Reasoning

A covariation perspective is useful for students’ interpretation of function notation. In
my study, | focus on general function notation (y=f(x)). A function given by y=f(x) is difficult to
interpret for two reasons. The students do not engage in any reasoning in their classrooms to
interpret what y=f(x) really is. As a hypothetical example, if | ask a College Algebra student to
explain what y=f(x) means to him/her, he/she may say that there is not enough information and
he/she wants to see a formula. Second, y=f(x) can be problematic because prior studies have
shown that elementary and middle school students think of an equal sign as an operator or to do
something symbol (e.g., Kieran, 1981; Knuth, Stephens, McNeil, & Alibali, 2006; Kunth,
Alibali, McNeil, Weinberg, & Stephens, 2011). To promote students’ reasoning of y=f(x) as a
relational symbol, students’ engagement in variational and covariational reasoning is important.
In this study, | investigated how students’ variational and covariational reasoning impacted their
conceptions of general function notation (y=f(x)).

As | engaged in my literature review, | found a few sources that alluded to general
function notation (e.g., Sajka, 2003; Thompson & Carlson, 2017), yet | did not find an empirical
study on students’ covariational reasoning impacting their conceptions of general function
notation (y=f(x)). In the table below (see Table 3), | have linked covariational reasoning to my
classification categories of general function notation (y=f(x)) from a lower level to a higher level.
The left column categorizes different conceptions of function notation and the right column

provides a description of how students may link conceptions of function notation to their
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variational or covariational reasoning in a Cartesian coordinate system. My conjecture is that as
students engage in higher levels of covariational reasoning, they would also conceive of function
notation at a higher level.

Table 3

Students’ conceptions of general function notation (y=f(x))

Name Description of what students do in a Cartesian
coordinate system
Function notation as label At this level, students match a label to a graph.

Students associate function notation y=f(x) or x=f(y)
with the shape of a graph. Students may employ a
correspondence approach without engaging in
covariational reasoning.

Function notation as convention Student may engage in variational or covariational
reasoning and may use convention of matching the axes
labels to function notation. Function notation can be
written either as x=f(y) or y=f(x). If the horizontal axis
is labeled as x, then function notation should be written
as y=f(x), so that the variable in the parentheses should
match the variable on the horizontal axis. If the
horizontal axis is labeled as y, then function notation
should be written as x=f(y), so that the variable in the
parentheses should match the variable on the horizontal

axis.
Function notation as a relationship | Thompson and Carlson (2017) definition of function:
between variables When students employ a correspondence approach and

engage in covariational reasoning, function notation is
not just how gquantities change together, but also a
special way (function) in which they are related. The
independent variable can be represented along the
horizontal axis or the vertical axis, and the function
notation can be written as y=f(x) or x=f(y) as long as
value of one quantity x satisfies the value of the other
quantity y or the value of one quantity y satisfies one
value of the other quantity Xx.

I elaborate on the levels of students’ conceptions of general function notation (y=f(x))
and links between students’ covariational reasoning and their conceptions of function notation in
a Cartesian coordinate system. Suppose that in a swing situation, a child has been swinging and

the graph represents the total distance traveled and the height of the swing. A student engaging
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at a function notation as label level may conceive of variables as letters that have nothing to do
with distance and height of the swing changing and may conceive of general function notation
representing different letters y, f, and x. Students at this level may draw on the shape of a graph
to conceive of function notation. At a function notation as convention level, a student may
engage in variational reasoning or covariational reasoning. When engaging in variational
reasoning, a student may conceive of height of the swing increasing or decreasing. Similarly, a
student may conceive of distance as increasing if he/she engages in variational reasoning. When
engaging in covariational reasoning, a student may conceive of both distance and height
changing such that as the distance increases, the height of the swing increases and then
decreases. In terms of the general function notation (y=f(x)), a student engaged in variational
reasoning or covariational reasoning may write a function rule depending on how axes are
labeled. By that | mean, if the horizontal axis is labeled x and the vertical axis is labeled y, the
student may write y=f(x). If the horizontal axis is labeled as y, then function notation should be
written as x=f(y), so that the variable in the parentheses should match the variable on the
horizontal axis. At a function as a relationship between variables level, students may engage in
covariational reasoning and employ a correspondence approach together. To classify conception
of function notation at a function as a relationship between variables level, | adapted Thompson
and Carlson (2017) definition of function to function notation. I refer to Thompson and
Carlson’s (2017) definition as a combination of correspondence and covariation approaches.
Function notation can be written as y=f(x) or x=f(y) as long as value of one quantity x satisfies
the value of the other quantity y or the value of one quantity y satisfies one value of the other

quantity x.
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Conclusion

When a student conceives of a function as a relationship between two quantities, he /she
may conceive of function notation y=f(x) based on quantities as well. It is useful for students to
view function notation and graphs as a relationship between varying quantities (Thompson &
Carlson, 2017). Students’ quantitative reasoning (Thompson, 1993; Thompson, 2011) and
covariational reasoning (Thompson & Carlson, 2017) also plays an important role to know how
they conceive of function situations. For example, given a graph, do the students see dots or do
they see graphs as multiplicative objects? (Thompson & Carlson, 2017; Thompson, et al., 2017).
The tasks researchers use to examine mathematical sense making impact students’ opportunities
to engage in mathematics reasoning. The table | presented earlier (see Table 3) served to link
students’ reasoning with quantities and general function notation (y=f(x)) and I discuss this in the

next chapter.
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CHAPTER IV

METHODS

In this chapter, | will articulate the research methodology that I used in conducting the
study. First, I describe how I selected the participants and collected data, followed by a
description of the tasks that | used for the study, explicating the goal of each task. Finally, I
include the methods that | used for data analysis. In addition, I include some data excerpts to
illustrate my data analysis.

Research Questions

To study students’ reasoning about varying quantities and its impact on the function
notation, | pose the following research questions:
1. How might students’ conceptions of function impact their conceptions of function notation?
2. How might covariational reasoning related to function impact students’ conceptions of
function notation?
3. How do students conceive of general function notation (y=f(x))?

Research Methodology

Grounded Theory

I employed grounded theory by Corbin and Strauss (2008) to answer my research
questions. Grounded theory assumes a pragmatic philosophy of knowledge (Corbin & Strauss,
2008), which means that knowledge is unique to individuals, and cannot be transmitted from one
to another. The methodology of grounded theory will enable me to develop rich descriptions of
students’ reasoning about changing quantities and function notation in my analysis. For my
theoretical framework, | am using Piaget’s (1985) constructivism, which asserts that individuals

construct their own knowledge from what they already know. | anticipate that students will
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reason about quantities and function notation in different ways, and | am consistent with the
grounded theory (Corbin & Strauss, 2008) that reasoning across students vary and no
connections exist among different forms of reasoning.
Case Study & Clinical, Task -Based Interviews
Yin (2006) identified three steps to design a case study: defining the case, justifying selection
of case studies, and stating how theoretical perspectives inform the case. | report three case
studies (Stake, 2005) of a student’s impact of covariational reasoning on function notation.
Clinical interviews are open-ended and allow gathering information on individuals’ mental

processes and uncovering their underlying thought processes (Clement, 2000). Task-based
interviews involve a participant taking part in strategically designed mathematical tasks. These
tasks provide a setting to examine individuals’ mathematical reasoning (Goldin, 2000). Clinical
interviews (Clement, 2000) and task-based interviews (Goldin, 2000) were useful to investigate
my research question. 1 used clinical interviews to explore an individual’s thinking without
promoting shifts. Clinical interviews allow researchers to pay attention to differences among
individuals’ mathematical conceptions. | conducted semi-structured interviews (Zazkis &
Hazzan, 1999), which are defined as the questions that are planned in advance but may be
modified based on the participants’ response (Zazkis & Hazzan, 1999). | used semi-structured
because | modified or clarified the questions based on a participant’s response.
Pilot Study

I conducted a small pilot study at an urban university in Spring 2016. | started out with
three participants, but two of them were unable to complete the study. | had only one student

Jenna (pseudonym) who completed the entire study. The purpose of the study was to learn how
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students responded to my tasks, and how I could develop my tasks based on the results of my
pilot study.

In my pilot study, | asked about both function notations y=f(x) and f(x) = 3x+4. | asked
about function notation from multiple perspectives (representations) such as from a function
notation to a graph, from graphs to a function notation, and then from a situation to a graph and
function notation. After conducting my pilot study, I discussed with my advisor, Dr. Johnson,
and modified my tasks. | wanted to be more purposeful about investigating students’
conceptions of function. So, | decided to ask about general function notation such as y=f(x).
The tasks that | present in this chapter are the modified versions from my pilot study. For
example, | added tasks 9 and 11 (see Table 5) to gather evidence of any links between students’
variational or covariational reasoning and function notation.

Participants

To select the participants, | visited five sections of College Algebra classes and
announced my study. I asked students to fill out consent forms and information sheet, so | could
contact them either by e-mail or phone to schedule the interviews. | selected students who were
enrolled in a College Algebra class based on their willingness to participate in the study. |
expected College Algebra students to be familiar with graphs and function notation, which would
help them to make sense of task aspects.

I interviewed six participants for my study who were enrolled in a College Algebra class
at a University at the time of the interviews. It is an urban university with a large commuter
population. Out of the six participants, | selected three students, Jack, Dave, and Lisa
(pseudonyms) who had different forms of reasoning and provided a richer set of data to analyze.

I selected students who demonstrated different forms of reasoning and different conceptions of
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function notation in the Pre interview and the Post interview. In this study, | identified when
students demonstrated shifts in their conceptions of function notation, their conceptions of
function, and their variational and covariational reasoning. | had a range of reasoning in this
group and | was able to learn how students conceived of the changing quantities and general
function notation. | used those shifts to organize each case study chapter and the cross case
chapter to highlight links between students’ covariational reasoning and their conceptions of
function notation. While I identified shifts in students’ conceptions and reasoning, explaining
the mechanism of how those shifts happened is beyond the scope of this study.

Data Collection

I conducted a sequence of four task-based clinical interviews with each student in Spring

2017 during the months of April, May, & June. The timeline for each student was once a week.

When the student needed to reschedule, the gap between the interviews was longer or shorter

than a week (see Table 4).
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Table 4

Schedule of Participant’s Interviews

Date Participant Event
04/05/2017 Pre interview
04/12/2017 Ferris wheel task 1

Pre interview
04/13/2017 John Pre interview
04/16/2017 Ferris wheel task 2
04/21/2017 John Ferris wheel task 1
? Ferris wheel task 1
Post interview
04/28/2017 John Ferris wheel task 2
- Jack Pre interview
Jane Pre interview
Lisa Ferris wheel task 2
05/11/2017 John Post interview
~ Lisa Post interview
Dave Pre interview
05/12/2017 Jane Ferris wheel task 1
05/16/2017 Jane Ferris wheel task 2
- Jack Ferris wheel task 1
Dave Ferris wheel task 1
05/22/2017 Dave Ferris wheel task 2
Jane Post interview
05/26/2017 Dave Post interview
Jack Ferris wheel task 2
06/06/2017 Post interview

Each interview had its own set of tasks (see Appendices E-H). A series of four interviews
allowed me to use a variety of tasks and gave me an opportunity to further investigate students’
work from prior interviews. | had another graduate student, Peter, who helped me video-record
the interviews. In addition, I collected students’ written responses and took digital photographs
of the written material. First, | transcribed the interviews and then annotated the transcripts. If a
student drew diagrams, made gestures, or manipulated a computer representation, | took screen
shots to capture what the student did at that moment. | placed those screen shots in an annotated

transcript. As an example, | included a screen shot from my study (see Figure 3). In this screen
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shot, Jack moved the cursor counterclockwise from the starting point and stopped mid halfway

from the starting point to show that it was the zero point for the distance.

Figure 3: Jack’s starting point mid halfway (where the cursor is) from the actual starting
point (bottom of the Ferris wheel) in Ferris Wheel Interviewl

Additions to the interview sequence during data collection. Midway through data
collection, I met with my advisor, Dr. Johnson, who provided me an idea to have students
respond to others’ claims about a graph (see also Johnson, Olson, Gardner, & Smith, 2018,
August). As a result, we modified a few tasks. | was concerned that | was not getting enough
data about students’ conceptions of function notation. | wanted to make sure that my interview
schedule would make it likely that | would gather evidence that would count as data. For
example, in the Pre interview and the Post interview, the task of matching four sets of graph with
function rules had a graph of a linear function. That linear graph could be written using two
function notations, but within the Pre interview, Lisa, whom I interviewed first, followed the
convention of matching the axes of graph with variables in function notation. | wanted to learn if

she could conceive of using two function notations for that linear graph. So, | added a task in the
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Post interview where | asked Lisa to interpret a response from another student named Max who
said that both r=s(m) and m=s(r) could be used to describe a linear graph. This task was very
useful to provide the evidence that | could count as data.
Interview Sequence

The interview sequence consisted of a Pre interview, two Ferris wheel interviews, and a Post
interview. Each interview included multiple tasks, which I describe in detail in this section. The
first interview served as a Pre interview. In the Pre interview, each student worked on several
tasks about functions and function notation. | used those tasks to diagnose where the students
were in terms of the function concept. Then students had a second interview, in which | used a
Ferris wheel task that | adapted from Johnson (2015b). | used the Ferris wheel task to
investigate students’ covariational reasoning and their interpretation of function notation. In the
third interview, | used the Ferris wheel task, but this time, | had the attributes on different axes,
which means that the quantity that was represented on the horizontal axis was now represented
on the vertical axis. The fourth interview served as a Post interview. | conducted the fourth
interview to investigate any changes that occurred in students’ reasoning and interpretation of
function notation from the Pre interview to the Post interview. During each interview, | asked
questions to better understand how students reason about the quantities and how they connect it
to function notation. In this section, I describe the overarching tasks for each interview. The
tasks that | present below include the additions to the interview sequence. See Appendices A-H
for a complete description of tasks and interview schedules.

Pre interview and Post interview. The Pre interview and the Post interview had a similar
structure with slightly different graphs and different variables in general function rules. Both the

Pre interview and the Post interview had the same situation tasks. There were 11 overarching
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tasks in each. The tasks consisted of functions, graphs, tables, and function rules. 1 also had
tasks that involved a description of a situation, which I refer to as situation tasks. | decided to
put functions, graphs, tables, and function rules tasks first, because | wanted to learn how
students interpreted general function notation (y=f(x)). Then I had situation tasks to learn if there
were any connections between students’ covariational reasoning and function notation. | used
the term one-to-one, where one input mapped to one output. For example, in the case of linear
graphs, one input maps to one output. | used the term onto, where different inputs mapped to
the same output. For example, in the case of parabolas opened upward, two different inputs map
to the same output.

Table 5 (left column) shows overarching tasks for the Pre interview and Table 5 (right

column) shows the tasks for the Post interview.
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Table 5
Brief Overview of Pre interview and Post interview Tasks

Task | Pre interview (italics) Post interview (bold)

1 What comes to your mind when you think of a What comes to your mind when you think of a function?
function?

2 Please read each statement out loud and explain what | Please read each statement out loud and explain what each
each statement means. statement means.

a. Given y=f(x), for every input x, there is exactly one | a. Given g=f(y), for every input y, there is exactly one
output y. output g.

b. Given x=f(y), for every input y, there is exactly one | b. Given x=t(y), for every input y, there is exactly one
output x. output x.

c. Given g=r(y), as y increases, g decreases. c. Given m=r(y), as y increases, m decreases.

d. Given y=g(r), as r increases, y increases and then d. Given y=g(p), as p increases, y increases and then
decreases. decreases.

3 Given two tables one representing y as a function of x | Given two tables one representing y as a function of x and
and the other representing x as a function of y and a the other representing x as a function of y and a one-to-
one-to-one and an onto graph, do these represent one and an onto graph rotated clockwise, do these
function? represent function?

4 What does u=r(s) mean? How do you make sense of What does g=r(m) mean? How do you make sense of it?
it?

5 Given a set of four graphs including parabola opening | Given a set of four graphs including a parabola opening
downward along the x-axis, a circle, a line, and a upward, an ellipse, a line, a parabola opened sideways
parabola opened sideways along the y-axis, which which represent functions? Which do not? Why?
represent functions? Which do not? Why?

6 Use the general function rules provided (with Use the general function rules provided (with independent
independent variable represented by the x-axis or y- variable represented by the x-axis or y-axis) (used
axis) to describe graphs in 4. different letters) to describe graphs in 4.

7 Sam said that both m=t(p) and p=t(m) can be used to Max said that both m=s(r) and r=s(m) can be used to
describe the following graph. Why that made sense to | describe the following graph. Why that made sense to that
that person? What do you think? person? What do you think?

8 a. Given a description of a plane’s altitude and a. Given a description of a plane’s altitude and distance
distance traveled along the ground, please interpret the | traveled along the ground, please interpret the graph.
graph. b. Given the plane situation with attributes on different
b. Given the plane situation with attributes on different | axes, please interpret the graph.
axes, please interpret the graph. c. Is it possible to write the notation as a=f(d) or d=f(a)?
c. Is it possible to write the notation as a=f(d) or
d=f(a)?

9 Nat said that for the first plane situation, the graph can | Chris said that for the first plane situation, the graph can
be written as both a=f(d) and d=f(a). What do you be written as both a=f(d) and d=f(a). What do you
think? think?

10 a. Given a description of a swing representing the total | a. Given a description of a swing representing the total
distance traveled and the height of the swing, please distance traveled and the height of the swing, please
interpret the graph. interpret the graph.

b. Given the swing situation with attributes on b. Given the swing situation with attributes on different
different axes, please interpret the graph. axes, please interpret the graph.

c. Is it possible to write the notation as h=f(d) or c. Is it possible to write the notation as h=f(d) or d=f(h)?
d=f(h)?

11 For the swing situation, Pat said that both graphs can For the swing situation, Sam said that both graphs can be

be written as h=f(d). What do you think?

written as h=f(d). What do you think?
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For the Pre interview and the Post interview, the first task in Table 5 was an open ended
question about a function. The goal of this question was to learn how students conceived of a
function and different representations of a function such as a graph or a function notation.

The second task in Table 5 asked students about each statement and what each statement
meant to them. The goal of this task was to learn how students interpreted the definition of a
function. A student may say that statement 2a defines a function because we have y=f(x).
Students are familiar with the notation y=f(x) because that is how textbooks typically present it.
For statement 2b, the notation is different, and participants may think that this does not represent
a function because the order of the variables is different in the notation x=f(y). It is also possible
that students may pick different points to explain what function notation means. Statements 2c
and 2d are definitions of function from a covariation perspective. Students are less familiar with
this definition and may not consider these as function definitions. Students may express each
statement graphically and try to match the variable on the parentheses to match with the variable
on the horizontal axis and the variable on the other side of the equal sign to be on the vertical
axis.

The third task in Table 5 asked if given two tables, one representing y as a function of x
and the other representing x as a function of y, and a one-to-one and an onto graph, which of
those represented a function. Students are familiar with tables and a student may say that the
first table defines a function because it is given as y=f(x). A participant may say that y equals f
of x does not represent a function because it violates the characteristic of univalence and is not
one-to-one because f(-1)=2 and f(3)=2. The other table represented x as a function of y, but the
students may still consider y as a function of x and say that the same input of -3 gives two

outputs 1 and 2. | asked them to read the statement first and then students may say that different
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inputs have an output. Some may say that two different inputs of 1 and 2 map to the same output
of -3, which does not represent a function because they may conceive of one-to-one functions as
functions. In addition to the tables, | had a one-to-one and an onto graph, as | explained in
interview sequence, to learn how students conceived of a function. Students may say that a one-
to-one graph represents a function but an onto graph does not represent a function, because they
may conceive of “every input has an output” as one input mapping to one output but may not
consider different inputs mapping to the same output to be a function.

In the fourth task in Table 5, I asked the students what general function notation meant to
them. | had function notation u=r(s) in the Pre interview and function notation g=r(m) for the
Post interview. Through this task, my goal was to learn what each variable meant to the students
and how they connected the rule to a scenario or a graph.

The fifth task in Table 5 asked students to explain which graphs represented functions,
which graphs did not represent functions and why. 1 chose a set of four graphs for both the Pre
interview and the Post interview with slightly different graphs. The first graph was a parabola
opening downward /opening upward (not one-to-one). The second graph represented a
circle/ellipse, which did not represent a function. The third graph was a linear graph and it
represented a function. The fourth graph represented parabolas opening sideways and it did not
represent a function if students used the vertical line test. But, if a student engaged in
guantitative reasoning, then the parabolas opening sideways represented a function. The goal of
this task was to learn how students conceived of a function and if they engaged in quantitative
reasoning specifically for the graphs with parabolas opening sideways.

The sixth task in Table 5 asked students to match the graphs above with the function

rules. This question was to learn if the students chose the rule for all graphs or only for the
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graphs that represented functions. Students may choose their rules based on how the axes are
labeled. For example, if the horizontal axis is labeled m and the vertical axis is labeled g, then
they may say that g=f(m) is the correct notation. It is also possible that they may employ a
correspondence approach to function and decide which rule should work. For example, for the
linear graph, they may say that one input maps to one output, so it represents a function.

The seventh task in Table 5 asked students if the linear graphs could be written by both
m=t(p) and p=t(m) in the Pre interview and by m=s(r) and r=s(m) in the Post interview. The
goal of this task was to learn if students matched the variable on the horizontal axis to the
variable in the parentheses and the variable on the vertical axis to the variable on the other side
of equal sign to conceive of function notation, because that is how they learn it in school.
Thinking covariationally, as one quantity increases the other also increases, so both function
notations can be used. A student may combine covariational reasoning to the correspondence
approach and say that one input has one output and as one quantity increases, the other also
increases and therefore we can write notation both ways. Overall, the goal of tasks 2,3, 4, 5, 6,
and 7 was to provide students multiple representations of a function and to learn if they reasoned
differently about function notation and function notation rules describing the graphs.

The eighth task in Table 5 asked about a plane’s distance traveled along the ground and
the altitude. The students were given a graph and they had to interpret the plane situation. The
goal of this task was to learn how students conceived of quantities. | also asked students to have
the distance traveled along the ground represented on the vertical axis and the altitude on the
horizontal axis. The goal of this task was to learn if they engaged in covariational reasoning.
Then I asked them about general function notation and if they could write both a=f(d) or d= f(a)

for each graph. The goal of this task was to learn if students paid attention to the labels or
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engaged in quantitative reasoning and covariational reasoning and combined the covariational
perspective to the correspondence approach to conceive of function notation. If students pay
attention to how the axes are labeled, then the graph in the first situation can be written as a=f(d)
and the graph with distance along the vertical axis can be written as d=f(a). If students engage in
guantitative reasoning and covariational reasoning, then both graphs represent distance, one
along the horizontal axis and the other along the vertical axis. A student may say that each
distance value corresponds to an altitude, so a=f(d) is the function notation. If the students say
that the altitude depends on the distance and also each distance value corresponds to an altitude
value and a=f(d) is the correct function notation, then they have combined the covariational
approach to the correspondence approach to conceive of function notation.

The ninth task in Table 5 asked that for the first plane situation with distance along the
horizontal axis, was it possible that the graph could be written as both a=f(d) and d=f(a). The
goal of this task was to gather evidence if students engaged in covariational reasoning or
employed a correspondence approach, or if they combined both to justify function notation.

The tenth task in Table 5 asked about a swing situation representing the total distance
traveled and the height of the swing. The goal of this task was to learn how students conceived
of quantities. | also asked students to have the total distance traveled represented on the vertical
axis and the height of the swing on the horizontal axis. The goal of this task was to learn if they
engaged in covariational reasoning. Then | asked them about general function notation (y=f(x))
and if they could write both h=f(d) and d=f(h) for this situation. The goal of this task was to
learn if students paid attention to the labels or engaged in quantitative reasoning and
covariational reasoning and combined covariational reasoning to a correspondence approach to

conceive of function notation. If students pay attention to how the axes are labeled, then the
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graph in the first situation can be written as h=f(d) and the graph with distance along the vertical
axis can be written as d=f(h). If students engage in quantitative reasoning and covariational
reasoning, then both graphs represent distance, one along the horizontal and the other along the
vertical axis. A student may say that each distance value corresponds to a height, so h=f(d) is the
function notation. If the students say that the height depends on the distance and each distance
value corresponds to a height value and h=f(d) is the correct notation, then they have combined
the covariational approach to a correspondence approach to conceive of function notation.

The eleventh task in Table 5 asked if for the swing situation, both graphs could be written
as h=f(d). The goal of this task was to learn if students paid attention to the labels or engaged in
guantitative reasoning and covariational reasoning and combined covariational reasoning to a
correspondence approach to conceive of function notation. If students engage in quantitative
reasoning and covariational reasoning, then both graphs represent distance increasing, one along
the horizontal axis and the other along the vertical axis. The height increases and decreases
while the distance keeps increasing. Thinking quantitatively, in both cases h depends on d and
also employing a correspondence approach, a student may say that each distance value
corresponds to a height, so h=f(d) is the correct notation. In other words, they may combine
covariational reasoning and a correspondence approach to conceive of function notation.

Ferris wheel Interview 1. The Ferris wheel tasks involved a dynamic computer
environment that Johnson created in Geometer’s Sketchpad (Version 5.0). Ferris wheel
interview 1 incorporated a sequence of tasks, each following the task template shown in Table 6.
Johnson (2015b) used Ferris wheel tasks where two changing quantities were other than time.
Students worked with the Ferris wheel and graphs without numbers. The students also reasoned

about gquantities when the attributes were represented on different axes. The Ferris wheel tasks
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were adapted from Johnson (2015b) and included the changing distance and height of the Ferris

wheel (see Figure 4).
Table 6

Ferris Wheel Interview 1 Template

Part Description

1 Identify changing attributes.

2 Sketch a graph that represents a relationship between given attributes.

3 Investigate general function notation

4 Investigate how vertical and horizontal segments on graph relate to Ferris wheel
5 Compare graph sketched in Part 2 with trace shown on dynamic graph

6 Investigate general function notation again.

7 Pat said that the graph below can be written as either d=f(h) or h=f(d). What do you

think?

[[Animate Point] [[Show Point]

Height from ground [[Hide Trace]

[Fic Fergrt
height
Height Start
[Hide Ferris Wheel
Distance traveled distance
[[Fide Distance]

Figure 4: A Dynamic Ferris Wheel Computer Activity Relating Height and Distance
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Johnson (2015b) used quantities of distance, width, and height. 1 only used two
quantities distance and height to keep the task simple and to learn more about students’
conceptions of function. The task used in this study was similar to Johnson (2015b) where |
asked students to explain how the distance and the height changed. | also asked them to graph
the relationship between distance and height. | also asked about the moving point and the trace.
| added a part on general function notation which is different than Johnson (2015b) and
examined students’ reasoning about general function notation.

The first task in Table 6 asked about the changing attributes. First, | asked the students to
talk about their experience of being on a Ferris wheel. The students saw the Ferris wheel without
any measurements (see Figure 4). After the students watched the animated Ferris wheel, | asked
them to explain how distance changed and how height changed to learn how they conceived of
distance and height.

The second task in Table 6 asked the participants to predict and graph the relationship
between distance and height. The goal of this task was to learn how students’ reasoning
impacted how they graphed two quantities. Another important thing | wanted to note was how
students labeled their axes.

The third task in Table 6 asked the students to express the relationship between two
quantities in a function notation. By viewing variable as something that can vary, rather than
only as an unknown, students can make more meaning from function notation (Chazan, 2000;
Usiskin, 1988). For example, when students solve an equation such as 2x+3=5, the variable x
has the meaning of an unknown. When students interpret general function notation such as
y=f(x), students need to think of a variable x as something that varies. | asked students about

each variable in general function notation to learn how they conceived of function notation and if
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they conceived of function notation idiomatically (Musgrave & Thompson, 2014) as | discussed
in Chapter 3.

The fourth task in Table 6 investigated how vertical and horizontal segments on a graph
related to the Ferris wheel. Students saw the animated distance segment along the x-axis (see
Figure 4). | asked them to explain what the length on the x -axis meant in terms of the Ferris
wheel. This helped me to learn how students conceived of distance represented by a segment.
Then, | showed students the height segment along the y-axis. Then the students saw the
animation of both distance and height segments together. This task was designed to help the
participants to think about two changing quantities.

At the end, the students saw full animation of the Ferris wheel, the trace and the moving
point. The fifth task in Table 6 asked students to compare their graph predictions to the
animation. Their explanation helped me to learn how they reasoned about two quantities.

The sixth task in Table 6 asked the students about function notation once again. The goal
of this task was to learn if students conceived of the relationship between the two changing
quantities notationally, and if they could express that in a function notation form at the end of
this task.

The seventh task in Table 6 asked students if the same graph could be written as h=f(d)
or d=f(h). The goal of this task was to learn if students paid attention to the labels or engaged in
guantitative reasoning and covariational reasoning and combined the covariational approach to a
correspondence approach to conceive of general function notation. If students pay attention to
the labels, then the graph on the left can be written as h=f(d) and the graph on the right can be
written as d=f(h). If students engage in quantitative reasoning and covariational reasoning, then

both graphs represent distance along the horizontal axis and we cannot interchange variables. A
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student may say that each distance value corresponds to a height, so h=f(d) is the function
notation. If the students say that height depends on the distance and each distance value
corresponds to a height value and h=f(d) is the correct function notation, then they have
combined covariational reasoning to a correspondence approach to conceive of function notation.
Ferris wheel Interview 2. Table 7 shows Ferris wheel interview 2 template. The first
task in Table 7 asked the students to run the animation again to explain how distance changed
and how height changed. This served as a quick overview of what they did in their previous
interview (Ferris wheel interview 1).
Table 7

Ferris Wheel Interview 2 Template

Part Description

1 Identify changing attributes.

2 Sketch a graph by having the attributes on different axes.

3 Investigate general function notation

4 Investigate how vertical and horizontal segments on graph relate to Ferris wheel
5 Compare graph sketched in Part 2 with trace shown on dynamic graph

6 Investigate general function notation again.

7 Nat said that both graphs can be written as h=f(d). What do you think?

The second task in Table 7 asked students to predict and then graph the relationship
between distance and height with attributes represented on different axes (see Figure 5).

Distance was now on the vertical axis and the height was on the horizontal axis.
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Distance
[Hide Distance
[[Animate Point
[[Show Point
[Fide Trace]
[Hide Ferris Wheel
height Height from ground

[Fide Feigh]

Figure 5: Ferris Wheel Activity Relating Distance and Height

Graphical representation allowed me to learn how students interpreted the two changing
quantities and how they demonstrated their thinking in terms of the graph. | also wanted to learn
if switching attributes on different axes changed how students conceived of quantities. This task
helped me to explore students’ reasoning about function.

The third task in Table 7 investigated general function notation by asking students to
express the relationship between two quantities in a function notation. By viewing variable as
something that can vary, rather than only as an unknown, student can make more meaning from
function notation (Chazan, 2000; Usiskin, 1988). For example, when students solve an equation
such as 2x+3=5, the variable x has the meaning of an unknown. When students interpret general
function notation such as y=f(x), | expect that students should be able to conceive of x and y as
two varying quantities. | asked students about each variable in general function notation to learn
how they conceived of general function notation and if they conceived of function notation
idiomatically (Musgrave & Thompson, 2014) as | discussed in Chapter 3.

In the fourth task in Table 7, | investigated how students thought about vertical and
horizontal segments on the graph in relation to the Ferris wheel. In this task, students saw the

animated distance segment along the vertical axis, and | asked them to explain what the length
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on the vertical axis meant in terms of the Ferris wheel. This helped me to learn how students
conceived of distance represented by a segment. They saw the height segment along the
horizontal axis. The student may be bothered that we now have height along the horizontal axis
instead of distance. It is possible that they may say that the height keeps going just because they
had distance along the x-axis before and they may still be thinking about the distance. Then, |
showed them the animation of both distance and height segments together. This task was
designed to help the participants to think about two changing quantities.

At the end, the students saw full animation of the Ferris wheel, the trace and the moving
point. The fifth task in Table 7 asked students to compare their graph predictions to the
animation. Their explanation helped me to learn how they reasoned about two quantities.

The sixth task in Table 7 asked the students about function notation once again. The goal
of this task was to learn if students conceived of function notation expressing the relationship
between two changing quantities, and if they could express that relationship in a function
notation at the end of this task. This task (switching axes) allowed me to explore how students
related quantities to function notation.

The seventh task in Table 7 asked students if two different graphs could both be written
as h=f(d). The goal of this task was to learn if students paid attention to the labels or engaged in
quantitative reasoning and covariational reasoning and combined covariational reasoning to a
correspondence approach to conceive of function notation. If students pay attention to the labels,
then the graph on the left can be written as h=f(d) and the graph on the right can be written as
d=f(h). A student only looking at the label for a graph on the right may say that one height input
corresponds to two different distance outputs, so the graph does not represent a function and

therefore cannot be written as d=f(h).
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If students engage in quantitative reasoning and covariational reasoning, then both graphs

represent distance increasing, one along the horizontal axis and the other along the vertical axis.

The height increases and decreases while the distance keeps increasing. Thinking quantitatively,

in both cases h depends on d and employing a correspondence approach, a student may say that
each distance value corresponds to a height, so h=f(d) is the correct notation. In other words,

they may combine covariational reasoning and a correspondence approach to conceive of

function notation.

Students and tasks. The table given below (see Table 8) describes which additional

tasks Jack, Lisa, and Dave worked on and which additional tasks they did not work on.

Table 8

Tasks given to students

Students | Pre interview Ferris wheel Ferris wheel Post
interview 1 interview 2 interview
Lisa Did not work Did not work Did not work | All tasks
on modified on task 7 on task 7
tasks 4,7,9,11 (see Table 6) (see Table 7)
(see Table 4)
Jack Did not work All tasks All tasks All tasks
on tasks
479,11
(see Table 4)
Dave All tasks All tasks All tasks All tasks

Interview Schedules

For each of the interviews, | created an interview schedule to guide the flow of the
interview. The interview schedules allowed me to plan questions that helped me to better

understand student’s reasoning and its impact on general function notation. | used interview
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schedules as a guide to anticipate possible student responses and probing questions prior to the
interview (see appendices A-D).

Each interview schedule used a two-column format. The left-hand column contained
researcher questions and potential student responses. After each interviewer question, | included
potential student responses and probing questions to further investigate those responses as
appropriate.

The right-hand column contained annotated notes. The notes focused on my thinking
about the interview. The notes included rationale for asking a particular question, what I think |
might infer about a students’ reasoning from a particular response, and connections between
researcher questions or potential student responses and existing literature. The notes also
included statements regarding what to ask the student and how to proceed with the interview. |
illustrate these using an example.

I am including an example relating to the definition of function because it is critical to
learn how students conceive of the definition of a function. It is also important to learn what
students consider to be a function and what students do not consider to be a function. For

example, I include a snippet of a table from my appendix (see Table 9).
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Table 9

Task and Potential Student Responses

1. What comes to your mind when you
think of a function?

P1: 1 don’t know.

Follow up: Would it help if | gave you
something more specific? Sometimes in
math, we have graphs, tables, and
equations. Would any of these help?
P1: yes.

Prompt: I’ll ask them to read each
statement and explain what it means. |
will also provide tables and graphs and
ask them if tables/graphs helped to clarify
the statements.

This question is to know what students
think about functions and what do they
mean by a function and general function
notation.

Students could define the function as a
correspondence (For every x, there is an
output y). They may define a function
using a graphical representation or a
symbolic representation. Students often
think a function must be defined by a
single algebraic formula (Carlson, 1998;
Clement, 2001; Even, 1990; Even, 1993;
Sierpinska, 1992). The students may
graph a function and write a notation.
They may pick points or just graph a
function without picking numbers.

I asked the students why the given set of graphs represented functions and which rules
described those graphs. By asking these questions, | was able to gather evidence of students’
reasoning about functions and how it impacted their conceptions of general function notation.
Analysis Methods

The transcripts, students’ written materials, and video recordings of students’ interviews
served as a source of data. | determined which sections were important by looking at where the
student provided evidence of attending to quantities (variation/covariation), function notation, or
both changing quantities (covariation) and function notation. My data analysis consisted of
ongoing analysis and retrospective analysis. The ongoing analysis took the form of reflective
notes, which | compiled after each interview. Ongoing analysis informed future task-based
interviews conducted with individual students. In retrospective analysis, | made different passes
of data analysis. The first pass was description (Wolcott, 1994), then analysis (Wolcott, 1994),

and then interpretation (Wolcott, 1994). I also used Thompson and Carlson (2017) levels of
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variational and covariational reasoning to analyze students’ covariational reasoning. The
students may not be at a very advanced level of covariation, but it still may have some impact on
how they conceive of function notation.

By description, Wolcott (1994) meant telling the story. The description included
explaining a critical or key event more thoroughly (Wolcott, 1994). “Analysis refers quite
specifically and narrowly to systematic procedures followed in order to identify essential features
and relationships” (Wolcott, 1994, p. 24). In this phase, the researchers should stay close to the
descriptive account. “Interpretation is not bound to the descriptive account as tightly as
analysis” (Wolcott, 1994, p. 37), but it should still have links to the cases under study. One way
to approach interpretation is to turn to theory (Wolcott, 1994). | give examples later in this
section. Then I used the constant comparative analysis (Corbin & Strauss, 2008) for each case
to detect any similarities or differences from the Pre interview to the Post interview. | also did a
cross case analysis to learn about students’ conceptions of function and function notation.

| used the categories of descriptive, theoretical and methodological notes to organize my
reflection of the study as described below. Some of my sample analyses come from the pilot
study, which | described earlier in this section.

Ongoing analysis: reflective notes. “Field notes are data that may contain some
conceptualization and analytic remarks” (Corbin & Strauss, 2008, pp.123-124). After each
interview, | wrote reflective notes to allow me to reflect on what happened during the interview.
This reflection also helped me to make decisions regarding future interviews with the same
student as well as iterations of the same interview with different students. The reflective notes
provided me further ideas on what to ask the students. Reflective notes took three forms:

Descriptive, Methodological, and Theoretical.
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Descriptive notes. Descriptive notes captured what happened during the interview.
Descriptive notes included how a participant interacted with the tasks during the interview or
responded to my questions. My goal for descriptive notes was to describe what students did in
an interview, staying as close as possible to what the student said during the interview. The
example given below is from my pilot study.

Example. Jenna talked about how the distance and height were changing in a Ferris
wheel task. She said the distance increases. When | asked her about the height, she said “the
height is going as well until it reaches its max point which is as high as the Ferris wheel goes....
as high as the Ferris wheel is and then starts to decrease again”. | also wrote descriptions of
gestures she made in conjunction with her explanation. For example, she pointed to the screen,
and when she moved to the top of the Ferris wheel, she moved her finger in a circular motion
right at the top to emphasize that the height reached the maximum at that point (right at the top).

Methodological notes. Methodological notes relate to the procedural aspects of my
research study. These notes included ideas for probing questions to address particular kinds of
student responses. If a student responded to a task in a way | did not anticipate, | wrote how |
responded to that student and specified how | will respond to other students in future interviews.
My goal was to refine my interviewing techniques and to phrase questions so that I could learn
more about a students’ reasoning.

Example. Suppose given g=r(m), | ask a student what the variable m means to them.
The student responds by saying that he does not know, because there is no expression. | will
make a note of how I will follow up to address this kind of response. For example, I will ask the
student what the expression should be like and if they could write down the expression. Then |

can use the same follow up question if another individual responds the same way.
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Theoretical notes. Theoretical notes included my thoughts about what students did
during an interview and significant decisions | made during the interview. For example, | wrote
short descriptions of my thoughts regarding what a student may have meant by a particular word
he or she used during the interview. My goal of using theoretical notes was to record my
hypotheses regarding students’ reasoning, which I further investigated through questions. | also
made connections between researcher questions or potential student responses and existing
literature.

Example. | have chosen a theoretical note about the function notation g=r(m). If I ask a
student how they think about function notation g=r(m), they may say they do not know because
there is no formula. Based on results of literature (Carlson, 1998; Clement, 2001; Even, 1990;
Even, 1993; Sierpinska, 1992), | hypothesize that the student wants to see a formula like r(m) =
3m+4. | will further test my hypothesis by asking the student to write down what formula they
were thinking about and what they expected to see to make sense of g=r(m).

Retrospective Analysis. My retrospective analysis used the constructs of Description,
Analysis, and Interpretation (Wolcott, 1994). The retrospective analysis included multiple
passes through the data. In the first pass, | used open coding (Corbin & Strauss, 2008) to
identify chunks of data when students form relationships between quantities and notation. | also
used the construct of description (Wolcott, 1994). In the second pass, | used the construct of
Analysis (Wolcott, 1994) and Interpretation (Wolcott, 1994). In the third pass, | used constant
comparative analysis (Corbin & Strauss, 2008) to detect any differences in reasoning from the
Pre interview to the Post interview.

I include one example that highlights Wolcott’s (1994) constructs of description,

analysis, and interpretation.
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Example. | present Lisa’s work from Ferris wheel interview 2. | am using the construct
of description (Wolcott, 1994) by describing a thick description of a key event. At the analysis
(Wolcott, 1994) level, I still say close to the data to gather evidence of Lisa’s reasoning through
her gestures and words. At an interpretation (Wolcott, 1994) level, | am turning to theory
(Wolcott, 1994), and also taking the approach of casual and unbounded (Wolcott, 1994).

Description. | showed Lisa both a dynamic Ferris wheel and a dynamic trace together. |
include an excerpt below to provide evidence that she conceived of distance and height as
quantities that changed together.

Excerpt 1: Lisa Ferris wheel interview 2

Lisa: (watching the dynamic trace and Ferris wheel) silent.
Azeem: So, does it make sense that the graph is doing what it is doing?
Lisa: (silent, pause). | don’t know yet. Umm (watching the dynamic trace and Ferris

wheel together). Yes! Because the further you are traveling along the distance,
then the height from the ground is going to peak at a certain point, which is right
there (pointed with her pen at the max, see Figure 6) and then you are traveling
back down height from the ground.

Figure 6: Lisa pointing to height reaching its maximum

Analysis. In this episode, after watching the dynamic trace and dynamic Ferris wheel

together, Lisa said that as the distance increased continually, the height increased and then
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decreased. She also pointed to the max with her pen (see Figure 6) and said that the height
reached at its highest and then decreased. | interpret that she conceived of distance as a quantity
that increased and conceived of height as a quantity that increased up to the maximum and then
decreased.

Interpretation. | interpret that Lisa engaged in covariational reasoning at a level called
Gross Coordination of Values (Thompson & Carlson, 2017) because she conceived of distance
and height as quantities that changed together such that as the distance increased, the height
increased and then decreased.
Appendices

Appendices A-D include researcher questions and potential student responses in the left-
hand column. After each interviewer question, | included potential student responses and
questions to further investigate those responses as appropriate. The right-hand column contains
annotated notes including the rationale for asking a particular question, what I think I might infer
about a students’ reasoning from a particular response, and connections between researcher
questions or potential student responses and existing literature. Appendices E-H include the

interview questionnaires.
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CHAPTER YV

CASE STUDY OF JACK

In this chapter, | present a case study of Jack who demonstrated that within the Pre
interview, he first conceived of function notation at function notation as convention level and
then conceived of function notation at a function notation as a relationship between variables
level. After a change in his conception of function notation within the Pre interview from
function notation as convention level to function notation as a relationship between variables
level, his conception of function notation remained consistent throughout all interviews. At a
function notation as convention level, he engaged in variational reasoning and covariational
reasoning and conceived of function notation using convention of Cartesian coordinate system

such that the horizontal axis represented the independent variable. At a function notation as a

relationship between variables level, he engaged in variational reasoning, quantitative reasoning,

and covariational reasoning and also employed a correspondence approach to function.

I interviewed Jack in the middle right after Lisa, but before Dave. Some of the tasks that

Jack worked on were not exactly the same as what others worked on. Midway through data
collection, I met with my advisor, Dr. Johnson, to discuss how tasks were providing
opportunities for me to gather evidence of students’ conceptions of function notation. Dr.
Johnson provided me an idea to have students respond to others’ claims about a graph (see also
Johnson et al., 2018, August). As a result, we added a few tasks (see Table 8 in Chapter 4).
Because | interviewed Jack in the middle, he worked on the modified tasks in all interviews

except the Pre interview.
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I included a selection of tasks that Jack worked on during the set of interviews. | selected
seven tasks from the set of interviews. There is one task from Ferris wheel interview 1 and two
tasks from Ferris wheel interview 2. In the Pre interview and the Post interview, | include two
tasks from tasks involving functions, graphs, tables, and function rules and one task from the
situation tasks. I also include an additional situation task from the Post interview only because
Jack did not work on this task in the Pre interview. | selected these tasks because they provided
strongest evidence of Jack’s individual forms of reasoning and his conceptions of function
notation. Excerpts are representative of Jack’s broader work across tasks. | have merged
Wolcott’s (1994) constructs of description, analysis (my interpretation), and interpretation
(connections to literature) in the results. | use the term interpret to refer to Wolcott’s (1994)
analysis and interpretation levels. When | make connections to extant literature, | move from

analysis to interpretation.

I organized this chapter in such a way as to make it easy to see Jack’s growth in
understanding function and function notation after intervention. The Ferris wheel tasks are
presented in chronological order. The Pre interview and the Post interview tasks are not
presented in chronological order, because | present a task from the Pre interview and then a
similar task from the Post interview. | present Ferris wheel tasks first, and then tasks from the
Pre interview and the Post interview, to provide readers an opportunity to follow the impact of
intervention on Jack’s reasoning with function and function notation from the Pre interview to
the Post interview.

At the conclusion of this chapter, | present a summary that addresses my research
questions. I include each research question and describe how Jack’s work answered each of my

research questions. Within the Pre interview, Jack shifted from function notation as convention
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level to function notation as a relationship between variables level and his reasoning remained
consistent throughout all interviews, where quantities satisfied the correspondence definition of
function. He was flexible in his reasoning that either axis could represent the independent
variable.
Ferris Wheel Interviews

In this section, I describe Jack’s reasoning with quantities and his conception of function
notation in the Ferris wheel tasks. | include one task from Ferris wheel interview 1 and two tasks
from Ferris wheel interview 2, where he conceived of function notation at a function notation as
a relationship between variables level. He provided evidence that he engaged in quantitative
reasoning, variational reasoning, and covariational reasoning in those tasks.
Ferris Wheel Interview 1, Task 1: Function Notation as a Relationship between Variables

| present a task from the end of Ferris wheel interview 1 below, because in this task, Jack
conceived of function notation at a function notation as a relationship between variables level. |
asked him to interpret a response from a student named Pat who said that the graph below which

Jack annotated (see Figure 7) could be written as either d=f(h) or h=f(d).

Pat said that the graph below can be written as eitherd = f(R) gt h = f(d). }

think?

ZANRN VAN

Figure 7: Distance along the horizontal axis (left), distance along the vertical axis (right)
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Excerpt 1: Jack Ferris wheel interview 1

Azeem:

Jack:

Azeem:

Jack:

Azeem:

Jack:

Azeem:

Jack:

Ok, alright. So, my next question to you is again about the notation. So, Pat said
that this graph can be written as either d equals f of h (d=f(h)) or h equals f of d
(h=f(d)). What do you think?

I don’t think so, because if that was the distance [moving his finger along the
vertical axis, see Fig. 7 right], you know that would not change the fact that it still
has to be constantly increasing [moved his finger along the vertical axis]. And so
like you know basically if you had this be the distance [vertical axis in Fig.7
right], you would have to transpose the graph like over there [moving his hands to
show transpose, see Fig. 8].

So, which one makes sense to you?

That one does [moved his finger to the vertical axis, see Fig.7 left], that one does
[pointed to the horizontal axis, see Fig.7 left] and that one does not [pointed to
graph on the right, see Fig.7 right].

So, in terms of the notation, can you say which one is right?

Yeah, that would be the, um.

Because Pat said that you could write it both ways, but you are saying no | cannot
write both ways, so which way do you think we should be writing it?

The h equals f of d I think [circled h=f (d)] is the right way for like that [pointed
to graph on the left, see fig. 7 left]. 1 don’t know if I should draw an arrow, but
does that make sense.

Figure 8: Jack showing that graph needs to be transposed.

Jack provided evidence that he conceived of both graphs representing the same

information. He moved his finger along the vertical axis (see Figure 7 right) and said, “because

if that was the distance, you know that would not change the fact that it still has to be constantly

increasing.” | interpret that he meant that the vertical axis represented the height going up and
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down, so the vertical axis could not be labeled as‘d’. In other words, he provided evidence that
Pat could not just interchange variables along the axes. He moved his hands to show that if the
graph was transposed (see Figure 8), then distance would keep going. He engaged in emergent
shape thinking (Moore & Thompson, 2015) when interpreting the graphs, because he conceived
of distance always increasing. Jack engaged in variational reasoning at a gross variation level by
Thompson and Carlson (2017) because he said that the distance increased. Jack had
opportunities to break convention (Moore et al., 2013; Moore et al., 2014) such that quantity
representing the independent variable should always be on the horizontal axis.

Jack conceived of changing quantities when reasoning with function notation. | interpret
that he conceived of quantities because he moved his finger to the vertical axis and pointed to the
horizontal axis (see Figure 7 left) and said that it made sense but pointed to the graph on the right
(see Figure 7 right) and said that it did not make sense. Based on what he did, | interpret that he
meant that the distance kept going and the height went up and down in Figure 7 left, and that
made sense, but in Figure 7 right, it did not make sense to have height on the horizontal axis,
because height should have been fluctuating and the distance should have kept going. He
conceived of distance increasing along the horizontal axis in both graphs and the height
fluctuating along the vertical axis, so he circled function notation h=f(d). To Jack, the left-hand
side “h’ of function notation represented a quantity that increased up to a point and then
decreased. In other words, Jack interpreted function notation as something more than what
Musgrave and Thompson (2014) term idiomatic expression. Jack conceived of function notation
at a function notation as a relationship between variables level because he engaged in

quantitative reasoning and variational reasoning.
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Ferris Wheel Interview 2

In this section, | report on Jack’s work in Ferris wheel interview 2. | only presented one
task from Ferris wheel interview 1, because Jack’s reasoning in that task was representative of
the entire Ferris wheel interview 1. In Ferris wheel interview 2, | present two tasks to capture a
broader range of reasoning. | first asked Jack how distance and height changed. Then | asked
him to graph the relationship between distance and height. Next, | asked him how the distance
and height segments (see Figure 5 right) related to the Ferris wheel. Then I asked him about the
dynamic point (see Figure 5 right). | present tasks from Ferris wheel interview 2 in
chronological order. First, | present a task related to a moving point, because he engaged in
covariational reasoning and conceived of the moving point as a multiplicative object. Then I
present a task where he conceived of function notation at a function notation as a relationship
between variables level because he engaged in covariational reasoning and also employed a
correspondence approach.

Ferris wheel interview 2, task 2: Jack’s conception of the moving point:
Covariational reasoning and multiplicative object. Right after Jack worked on the animated
segments tasks, | asked him how the animated point on the graph related to the Ferris wheel. In
the excerpt below, Jack provided strong evidence that he conceived of the moving point as a
combination of quantities represented on each axis.

Excerpt 2: Jack Ferris wheel interview 2 task 2

Azeem: Now | am going to show you this point [moving point on the graph] and how does
this point relate to the FW?
Jack: I am gonna guess probably like they are combining both axes into like one point

S0 it is going that way which is the distance axis [moved his finger vertically
along the vertical axis] and then it is also going up which is like the height axis
[moved his finger up along with the moving point], so it is gonna make like |
think it is a parabola.
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In this excerpt, Jack conceived of the moving point expressing both the changing height
and distance together. His finger movements and his words explained how he conceived of the
moving point. He said that “they are combining both axes into like one point.” He moved his
finger vertically along the vertical axis and then moved his finger up along with the moving point
and said that the shape of the graph would be “a parabola.” I interpret that the moving point not
only expressed the increasing distance but also the height going up and then down which he
called a “combination of two axes.” He conceived of the moving point as a multiplicative object
(Thompson & Carlson, 2017) where the distance and height united to form a single entity. He
said something similar in Ferris wheel interview 1, but the evidence was not too strong within
Ferris wheel interview 1.

Ferris Wheel Interview 2, Task 3: Function Notation as a Relationship Between Variables

In this task, Jack conceived of both graphs representing distance along different axes such
that the distance increased. He conceived of function notation at a function notation as a
relationship between variables level, because he conceived of quantities and employed a
correspondence approach to function. | gave him the graphs which he annotated (see Figure 9).

I asked Jack to interpret a response from a student named Nat who said that both graphs could be

written as h=f(d).

Figure 9: Jack’s annotation of the graphs with distance on the horizontal axis (left) and distance

on the vertical axis (right)
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The excerpt given below is taken from the end of the interview. In the excerpt below,

Jack provided evidence that he conceived of how distance and height changed and then

employed a correspondence approach to interpret function notation.

Excerpt 3: Jack Ferris wheel interview 2 task 3

Azeem:

Jack:
Azeem:
Jack:

Azeem:

Jack:

Alright. Ok, so my next question is also about the notation. There is a student
named Nat and Nat said that both graphs can be written as h equals f of d (h=f(d))
this one and this one [pointing to one then the other]. What do you think about
that?

Yeah, | think so.

And why?

Um because like the distance basically it is the same graph, it is just the axes
switched but it is almost like | don’t know a transpose that is the word to describe
for it. It is like even though the graphs are the different axes it’s like the same
thing, because that is still like the highest point [pointing to the max on both
graphs left and right, see Figure 9].

So, why does it make sense to write them both as that notation [referring to h=f
d]1?

Um because even though the distance is increasing, it’s like you still have it
where like each point on the, I guess, d-axis still has like one correlated point on
the h-axis [pointing to graph on the right, see Fig.9]. There is no point where
there is like you know you have the same point but different heights.

Jack conceived of both graphs representing the same information and then employed a

correspondence approach to interpret function notation. He said, “the distance basically it is the

same graph, it is just the axes switched.” He also pointed to the max on both graphs (see Figure

9) and said, “it’s like the same thing, because that is still like the highest point,” so | interpret that

he conceived of both graphs showing distance as increasing and the height attaining its max in

both cases but represented along different axes. When | asked Jack why both graphs could be

written as h=f(d), he said, “I guess d-axis still has like one correlated point on the h-axis.” He

also pointed to the graph on the right (see Figure 9). 1 interpret that by pointing to the graph on

the right, he meant that even though the graph looked sideways, but the vertical axis represented

the distance, and so one distance had one corresponding height regardless of the shape of the
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graph. He conceived of function notation at a function notation as a relationship between
variables level, where he engaged in quantitative reasoning and employed a correspondence
approach.

Function notation as a relationship between variables. In the previous excerpt, Jack
provided evidence that he was doing more than just engaging in variational reasoning. To learn
more about how he conceived of a function and function notation, | asked Jack if he could point
to the graph or show what he meant, by picking points. The excerpt given below came right after
the excerpt | presented earlier and is important because he conceived of function notation at a
function notation as a relationship between variables level, where he engaged in covariational
reasoning and employed a correspondence approach.

Excerpt 4: Jack Ferris wheel interview 2

Azeem: So, can you show me by actually pointing to the graph or just making two points
on there and then showing what you are exactly saying?
Jack: Um basically like even though the d is increasing this way [moved pen along the

horizontal axis left to right, fig.9 on left] the h is still [moved pen over the curved
part and then down on graphs, Figure 9 left and right] it still works. I don’t know
how to describe but [pause]. Basically, like I think it is called the vertical line
test, where you can do that [drew a vertical line over Figure 9 left] and it’s a
function if there is no overlap between any point of the graph and then for this
[sketched a horizontal line over Figure 9 right] it will be horizontal but it is the

same thing.
Azeem: [Pause]. Ok, so why is it horizontal there?
Jack: Because it is still the same function. Even though its different axes, it is still h is f

of d (h=f(d)), so it’s still like h is a function of d. So, this is still like the [pointing
to Figure 9 right] like the independent variable.
Azeem; So, shouldn’t there be a vertical line there (pointed to Figure 9 right)?
Jack: No, because it’s basically the same graph, you just took it and did that to it
[moved his hand and rotated it].
According to Jack, both graphs represented distance that increased regardless of which

axis it was represented by. He conceived of how the independent variable changed (in this case

distance increasing). He drew a vertical line over the left graph (see Figure 9 left) and drew a
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horizontal line over the graph on the right (see Figure 9 right), but by both of those lines he
meant that distance had a one-to-one correspondence to height. He said, “d is increasing this
way,” and moved his pen along the horizontal axis left to right. He moved his pen over the
curved part and then down on both graphs (see Figure 9) and said, “h still works.” | interpret
that he conceived of an invariant relationship between distance and height, where distance
increased, and height depended on the distance. He engaged in covariational reasoning at a
Gross Coordination of Values (Thompson & Carlson, 2017) level, because he moved his pen
over different parts of graphs to show that as distance increased, the height increased and then
decreased.

Jack conceived of function notation by attending to quantities first and then employed a
correspondence approach. For function notation, h =f(d), he still thought that the independent
variable should be in parentheses and the dependent variable should be on the other side of the
equal sign, but graphically, the independent variable could be represented by any axis (horizontal
or vertical). He then employed a correspondence approach to justify why h=f(d) made sense.
His definition of function was consistent with univalence (Even, 1990; Even, 1993), where the
same input could not have different outputs. | interpret that he conceived of function notation at
a function notation as a relationship between variables level. Jack employed Thompson and
Carlson’s (2017) definition of function such that there was an invariant relationship between
quantities and one value of a quantity determined one value of the other quantity. In other
words, he engaged in quantitative reasoning and covariational reasoning and demonstrated
conceptions of an invariant relationship between quantities. He attended to the other part of
function definition (value of one quantity determined the value of the other quantity) when he

employed a correspondence approach. For him, both h and d meant something, so function
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notation h=f(d) was something more than what Musgrave and Thompson (2014) term idiomatic
expression.
Function and Notation in Tasks Involving Functions, Graphs, Tables, and Function Rules

In this section, I include a statement task to show that within the Pre interview and the
Post interview, Jack conceived of function notation at a function notation as convention level in
conjunction with engaging in covariational reasoning. Then | include a graphs and matching
rules task where Jack provided evidence of a shift from the Pre interview to the Post interview in
his conception of function notation from function notation as convention level to function
notation as a relationship between variables level. | argue that his shift in reasoning within the
Pre interview plane situation task and his reasoning with function notation in the Ferris wheel
tasks can explain his shift in his conception of function notation across the Pre interview to the
Post interview in this task.
Statement Task: Function Notation as Convention across the Pre Interview to the Post
Interview

I compare Jack’s reasoning with function and function notation given a statement task.
The excerpt below is taken from the beginning of the interview. | included the third statement
task because it provided evidence of Jack’s engagement in covariational reasoning across the Pre
interview to the Post interview. Across the Pre interview to the Post interview, Jack’s
conception of function and function notation remained consistent and he conceived of function
notation at a function notation as convention level because he labeled the axes of his graph based
on function notation, such that the independent variable was along the horizontal axis and the

dependent variable was along the vertical axis.

85



Pre interview: Covariational Reasoning. | asked Jack to read the third statement out

loud. He also sketched a graph (see Figure 10).

e Given g = r(y), as ¥ increases, g decreases.

’j

=

Figure 10: Jack’s graphical representation of g=r(y)
Excerpt 5: Jack Pre interview

Jack: Given g=r(y), as y increases, g decreases [reading out loud]. Um I’m gonna guess
they are inversely related or not really say that so that would mean | think then
basically what it is saying is like as the first variable gets larger the second
variable gets smaller every single time.

Azeem: ok, could you like express it graphically or any other way?

Jack: So basically, every time the y gets greater the g value gets smaller until you- its
they are inversely related. | don’t know how else to really explain it but.

Azeem: So, you are saying as y is increasing, y values are going up

Jack: And gs are going down.

In the Pre interview, Jack conceived of how quantities changed and followed convention
of matching the variables in function notation with the axes labels. He said, “every time the y
gets greater the g value gets smaller”. Jack also sketched a graph (see Figure 10) to show that
the y values increased and the g values decreased with it. | interpret that Jack engaged in
covariational reasoning at a Gross Coordination of Values (Thompson & Carlson, 2017) level
because he talked about y and g changing together earlier. Jack used the term inversely related
to mean that as values of one variable increased, the other decreased. He labeled the axes of his

graph based on function notation, such that the independent variable along the horizontal axis
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was y and the dependent variable along the vertical axis was g. Because he labeled the axes of
his graph based on variables in function notation, he followed convention (Moore et al., 2014).
He matched the variable on the horizontal axis to be the independent variable, so he conceived of
function notation at a function notation as convention level in conjunction with engaging in
covariational reasoning.
Post interview: Covariational Reasoning

Jack read the statement, ‘Given m=r(y), as y increases, m decreases’ out loud. He
sketched the coordinate plane, labeled the horizontal axis y, labeled the vertical axis x, and then

sketched a line (see Figure 11 below).

¢ Givenm = r(y), as y increases, m decreases.
L

h ("’1'5)
:l

0 7.§ |

Figure 11: Jack’s graphical representation of m=r(y)

In the excerpt given below, he explained how y increased and how m decreased. He also stated
how he conceived of his graph.
Excerpt 6: Jack Post interview

Azeem: Ok, so can you explain what is going on there?

Jack: Yeah, basically like as y increases which is on this axis [moving finger along the
horizontal axis left to right], on the other axis m decreases so it just keeps going
down [moved finger along his sketched line].

Azeem: So, where is y increasing? Can you just point to it?

Jack: Well, just like right is considered an increase [moving finger along the horizontal
axis left to right]
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Azeem:

Jack:

Azeem:

Jack:

Azeem:

Jack:

Azeem:

Jack:

Azeem:

Jack:

Azeem:

Jack:

Ok then what about m? How is m decreasing?

m is going down on that axis [moving pen top to the origin along the vertical axis]
Ok, so what do these points represent here? You have several points there

Um | don’t know, let’s just say like 0 tol [labeled horizontal axis going from O to
1] I guess it is sort of generic [labeled vertical axis going from 0 to 1], like that
you mean?

No. Like points on the line [moving finger on the line]

Oh, um oh I guess for the sake of doing this thing so it would be like y goes from
0 to like 0.5 and then it would be increasing that way and then m would go from 1
to 0.5, so it will be decreasing.

So, what is that number right there?

0.5. I tried to write it sideways.

Oh, 0.5 ok [referring to vertical axis labeled 0.5]. So, 0.5 here [referring to label
on horizontal axis]. So where is that on the graph?

So, essentially half way through like in this y starts at 0 and then m would start at
1.

Yeah, could you label a point on the graph exactly?

Yeah let’s call it like [labeled (0.5, 0.5)]

In the Post interview, Jack explained and clarified that he conceived of y increasing and

m decreasing together. He moved his finger along the horizontal axis left to right and stated that

y increased “on this axis.” He also said, “on the other axis m decreases so it just keeps going

down,” but he moved finger along his sketched line (not along the vertical axis). To clarify how

he conceived of y increasing and m decreasing, | asked him about y and m separately. When |

asked where y was increasing, he moved his finger along the horizontal axis left to right. When |

asked how m decreased, he moved his pen top to the origin along the vertical axis and said, “m is

going down on that axis.” This clarified for me that he conceived of y increasing along the

horizontal axis and m decreasing along the vertical axis. | interpret that Jack conceived of y as

something that increased and m that decreased, so he engaged in covariational reasoning at a

Gross Coordination of Values (Thompson & Carson, 2017). At this point in the interview, | only

had evidence of Gross Coordination of Values (Thompson & Carson, 2017), and then the

88



numbers provided me with more evidence to claim Coordination of Values (Thompson &
Carson, 2017).

Jack provided evidence that he conceived of a graph representing y and m changing
together using numbers. When | asked him what the points represented, | wanted to learn how
he conceived of the points on the line, but he interpreted it differently and labeled the axes with
numbers 0 and 1 instead (see Figure 11). | interpret that with the numbers, Jack demonstrated
that he conceived of m and y as possible to measure. In other words, he conceived of m and y as
quantities. Later, when | asked him about points on the line, he provided evidence of a different
level of covariational reasoning. Jack said, “y goes from 0 to like 0.5 and then it would be
increasing that way and then m would go from 1 to 0.5, so it will be decreasing.” He wrote 0.5
on both axes. Then | asked Jack to label a point on the graph to see how he was thinking about
the increasing y and decreasing m together. Jack labeled the point (0.5, 0.5) to show that y went
up from 0 to 0.5 and m went down from 1 to 0.5, and the new point was (0.5, 0.5). Jack’s point
(0.5, 0.5) showed that he conceived of the variables y and m changing together, so he engaged in
covariational reasoning at a Coordination of Values (Thompson & Carlson, 2017) level.

Jack labeled his graph following convention of labeling the axes based on the variables in
function notation. He labeled the horizontal axis as ‘y’ because the variable in the parentheses
was also y and the independent variable is usually represented on the horizontal axis. He labeled
the vertical axis as ‘m’ because the variable on the other side of an equal sign or the dependent
variable is represented along the vertical axis. Because he labeled the axes of his graph based on
variables in function notation, he followed convention (Moore et al., 2014). He conceived of
function notation at a function notation as convention level in conjunction with engaging in

covariational reasoning.
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Graphs and Rules task: Function Notation as Convention in the Pre Interview to a
Relationship between Variables in the Post Interview

In this section, | compare Jack’s reasoning with function and function notation given four
sets of graphs. Jack provided evidence that his reasoning with function notation shifted within
the Post interview and across the Pre interview to the Post interview.

Pre interview: Function notation as convention. In the Pre interview, | gave him a set
of graphs and asked him which graphs represented functions, which graphs did not represent
functions, and why? 1 also asked him which rules described those graphs. The excerpt given
below is taken from the beginning of the interview. In the excerpt below, Jack demonstrated that
he conceived of a function and function notation based on following convention such that the

horizontal axis represented the independent variable.

3. Can you use any of these formulas to describe the graphs presented in 27 You can use

formulas more than once or not at all.

271 g=1()
¥, ) 7="(0)

y=f@)

x=f(y)

m=t(p)

3 p=tim

Figure 12: Set of graphs given to Jack (left) and Jack’s annotation of rules describing graphs

(right)

Excerpt 7: Jack’s Pre interview

Azeem: Now I will give you a set of graphs and could you tell me which ones are
functions and which are not and why?
Jack: These two are (1, 3) and these are not (2, 4) because as | said earlier like the

vertical line test that goes through both of these [pointing to graphs 2 and 4],
which would imply that at this value [a point along the horizontal axis] you could
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Azeem:

Jack:

Azeem:

Jack:

Azeem:

Jack:

Azeem:

Jack:

Azeem:

Jack:

Azeem:
Azeem:

Jack:

Azeem:

Jack:

have two possible answers for this graph [moving finger over two points along the
4™ graph] and the circle.

Ok. So, can you use any of these formulas here to describe the graphs presented
here [pointed to graphs] and you can use formulas more than once or not at all.
[pause] um, so I think y equals r of g (y=r(g)) would describe 1. y is on the y-axis
and then g even though it’s r of g, I think that is how that works.

OKk.

Let’s see. Does it matter since these are not functions? Would it like do you
know what | mean.

So, what do you think if it’s not a function?

So, probably not then.

Ok. How about the 3" one [referring to graph 3]?

I think p equals t of m (p=t(m)) would work for 3.

And what about 4? [referring to graph 4]

Umm it’s not a function or else yeah.

Oh, ok [pause]

Could you use any other formulas to express graph 3 or 1?

I mean if you had different like actual number value as long as it still had the m
and the p you know the g and the y, | think so.

ok. So, like what is given here [pointing to rules] would any of these rules define
graphs 1 and 3.

No, because they are not the same. Like if it was not labeled [pointed with his
pen to graph 3 horizontal axis label and then the vertical axis label] you probably
could, but since it is labeled here [pointed his pen to the vertical axis label and
then the horizontal label for graph 3], you can’t do that.

When reasoning with function, Jack provided evidence that he followed convention such

that the horizontal axis represented the independent variable. Jack said that graphs 1 and 3

represented functions and graphs 2 are 4 did not represent functions. Because he pointed to a

point along the horizontal axis and moved his finger over two points along graph 4 and graph 2

(circle) (see Figure 12) and also said that graph 4 and graph 2 failed the vertical line test because

one input had two outputs, so | interpret that he conceived of the horizontal axis representing the

independent variable. Jack demonstrated that he only considered the variable along the

horizontal axis to be the independent variable.

Jack conceived of function notation at a function notation as convention level where his

conception of function notation was separate from his covariational reasoning. He said that “y
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equals r of g” (y=r(g)) described graph 1, because “y is on the y-axis and then g even though it’s
r of g | think that is how that works”. Jack moved his finger along the vertical axis when he was
talking about the variable y and moved his finger along the horizontal axis when he talked about
the variable g. So, I interpret that Jack chose function notation y=r(g) for graph 1, because the
independent variable g on the horizontal axis and the dependent variable y on the vertical axis
matched with the variables in function notation. He had similar reasoning with the function rule
describing graph 3. He said that “p equals t of m” (p=t(m)) described graph 3. When | asked
him if he could use any other rule to describe graphs 1 and 3, he said, “No, because they are not
the same.” He pointed to the horizontal axis label and then pointed to the vertical axis label of
graph 3 with his pen and said, “since it is labeled here, you can’t do that.” Jack’s pen
movements along with his words confirmed that to Jack, the variables in the general function
notation should match with the variables along the axes, where the variable on the left-hand side
of the equal sign should be the dependent variable and the variable on the right-hand side within
the parentheses should be the independent variable. He said that rules should not be used for
graphs that did not represent functions, and therefore, he did not write function rules for graphs
that did not represent functions. | interpret that Jack conceived of function notation at a function
notation as convention level because he conceived of the horizontal axis representing the
independent variable and did not provide evidence of engaging in covariational reasoning.

Post interview: Function notation as convention to a relationship between variables.
In the Post interview, | asked Jack which graphs represented functions or did not represent
functions and why? (see Figure 13). The excerpt given below is taken from the beginning of the

interview. In the excerpt below, Jack provided evidence that he checked two function
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notations. Comparing his work in this task to other tasks, I can say that he conceived of function

notation at a function notation as a relationship between variables level.
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Figure 13: Jack’s annotation of 4 sets of graph and rules describing graphs

Excerpt 8: Jack’s Post interview

Azeem: You have 4 sets of graphs and | labeled them 1, 2, 3, 4. Can you tell me which
one of those represent functions and which do not and why?
Jack: That one does (graph 1) that one does not (graph2). Um [wrote yes for graph 3).

That one (graph 4) does not it is kind of like the last situation where if that is
supposed to be the input axis [moving fingers along the horizontal axis] yeah that
one would not be.

Azeem: Ok.
Jack: So maybe
Azeem: Ok, so maybe next question. Next, I will ask you can you use any of these

formulas to describe those graphs presented in that problem and you can use
formulas more than one time or not at all.

Jack: [pause] yeah you could use the s is h of t for this one, wait no that would be the
other way around. It will be tis h of s (t=h(s)) for graph 1 and then m equals s of
r (m=s(r)) for graph 3. Yeah, I think that’s it.

Azeem: So, what about this one [pointed to graph 4]?

Jack: If there was one that was like s equal f of t (s=f(t)) or something, but that one is
not on there, so you cannot.

Azeem: Ummm maybe look at it closely (moved the paper with the rules page closer to
Jack).
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Jack: Oh, yeah. 1 guess s is h of t (s=h(t)) never mind. | was looking for f | guess, so
yes, s equals h of t [wrote s=h(t) below graph 4] that would work.

Azeem: Ok and again you said for # 3 you said m equals s of r, ok.

Jack: Amhum.

Azeem: And you cannot write it [pointing to graph 2] any of those ways?

Jack: No, because since it is a circle it will be the same no matter which axis you
flipped it to.

Within the Post interview, Jack provided evidence that he conceived of function notation
at a function notation as convention level. Jack first stated which graphs represented functions
and which graphs did not represent functions. He said that graph 1 and graph 3 (see Figure 13)
represented functions, but graphs 2 and 4 did not. He only explained why graph 4 would not
represent a function. He moved his finger along the horizontal axis of graph 4 and said, “if that
is supposed to be the input axis, yeah that one would not be,” so I interpret that he let the variable
along the horizontal axis as an input to decide that graph 4 did not represent a function. |
conjectured that Jack might be conceiving of t along the vertical axis as a possibility for an input,
but 1 did not have evidence of that until later when | asked him to write function rules describing
these graphs.

Within the Post interview, Jack shifted from conceiving of function notation from
function notation as convention level to function notation as a relationship between variables
level. He wrote one notation for graphs 1 and 3 that represented functions. Graph 3 could be
written in two ways, but he only wrote m=s(r), so I interpret that graph 3 represented a one-to-
one function, so he did not feel the need to switch the axes labels because it represented a
function either way. But, for graph 4 Jack provided evidence of a shift in his conception of
function notation. He checked two function notations, but nothing more than that based on what
he said in this particular task. Comparing his work in this task to his conception of function and

function notation within situation tasks and the Ferris wheel tasks with attributes switched, | can
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say that he conceived of function notation at a function notation as a relationship between
variables level. He conceived of function as one input mapping to one output and different
inputs mapping to the same output. He checked both notations to show that he conceived of both
guantities to see which quantity will satisfy his conception of function. When Jack said, “if there
was one that was like s equal f of t (s=f(t)),” he provided evidence that he conceived of t along
the vertical axis as an input such that different inputs t could map to the same output s. Then he
also said that graph 4 could be written as “s equals h of t” (s=h(t)). Jack had difficulty finding
s=h(t) in the function rules provided, because he said that he was looking for f instead of h. |
interpret that he wanted to see f, because he was used to seeing an f. Jack provided evidence of
flexibility in his reasoning that variable on any axis could represent the independent variable.
Within the Post interview, Jack provided evidence of switching axes labels and
connecting it to the orientation of a graph. Earlier Jack said, “if there was one that was like
s=f(t),” so he provided evidence that he switched the axes labels. When | asked him if graph 2
(circle) could be written as a function notation, he said, “since it is a circle it will be the same no
matter which axis you flipped it to,” so I interpret that by “flipping” he meant rotating a graph.
Based on what he said, my conjecture is that he might be conceiving of both switching the axes
labels and rotating a graph when he reasoned with graph 4 as well. Within the Post interview
and across the Pre interview to the Post interview, Jack shifted from conceiving of function
notation at a function notation as convention level to function notation as a relationship between
variables level, because he shifted from matching the axes labels to function notation to
checking both notations that would satisfy his conception of function based on quantities.
Situation Task: Function Notation as Convention to a Relationship between Variables from

the Pre Interview to the Post Interview
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In this section, | describe Jack’s reasoning with function and function notation given a
plane situation task in both the Pre interview and the Post interview. Jack’s engagement with
this task provided evidence of how he conceived of quantities and how his covariational
reasoning impacted his conception of general function notation (y=f(x)).

Pre interview. In the Pre interview, | gave Jack a plane situation task such that as the
plane covered the distance along the ground, its altitude changed. | asked him to read the
situation out loud and interpret the graph.
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Figure 14: Jack’s annotation of the situation with distance on the horizontal axis (left) and
attributes switched (right)

Reasoning with quantities: Variational reasoning to covariational reasoning. Jack
first conceived of altitude as a quantity that changed. He first talked verbally and pointed or
moved his finger along different parts of the graph to show that the plane’s altitude changed. 1
asked him to write down what he said. Then he wrote the words elevate, level off, and land over
different parts of the graph (see Figure 14 left) to show that the altitude changed, so he engaged
in variational reasoning at a gross variation (Thompson & Carlson, 2017) level. Then | asked

him to have the same situation, but attributes represented on different axes. | asked him how
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distance and altitude were changing. He only mentioned the starting point at the origin (see
Figure 14, right) where, to Jack, distance and altitude were both zero.

To learn more about how he conceived of distance and altitude, I asked him how the
distance and the altitude changed once again. In the excerpt below, Jack provided evidence that
he engaged in covariational reasoning and conceived of rotating a graph as well.

Excerpt 9: Jack’s Pre interview

Azeem: Ok [pause] So, how are distance and altitude changing?

Jack: Um basically um distance it is kind of confusing | don’t think it really works very
well but have to picture the graph as a mirror [referred to part a graph], that is
what I have been doing like you know manually flip it.

Azeem: So, like what is distance doing in here? Is it going; is it decreasing?

Jack: I am gonna guess this would be increase [moved his pen on the y-axis from 0 and
up] so it would be increasing, and this would be altitude increasing [moved his
pen from left to right along the horizontal axis] some point but.

Azeem: So then if altitude is increasing what do these things represent then [moved finger
over the increasing, leveling off, and the decreasing part of the graph]
Jack: Basically, the same thing where like it’s like it gets greater in altitude [moved pen

over the increasing part] and then it levels off [moved pen over the horizontal
part] and then it goes back down the altitude the landing [moved pen over the
decreasing part of the graph] that’s with the distance [moving pen vertically along
the vertical axis].

Azeem: Ok. So, is it doing anything different than it was doing before?

Jack: No.

Jack provided evidence that he conceived of rotating the graph counterclockwise and
provided evidence that he conceived of distance and altitude changing together. When | asked
him first how distance and altitude changed, he said, “like you know manually flip it,” so |
interpret that by the word “flip”, he meant rotating a graph counterclockwise so that distance still
increased, and altitude varied with distance. When | asked him about distance and altitude again,
Jack said the altitude increased, remained the same, and then decreased and also moved his pen

over the graph showing changes in altitude with changing distance. He showed that distance

increased by moving his pen vertically along the vertical axis. He was now conceiving of both
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distance and height changing together. He engaged in covariational reasoning at a Gross
Coordination of Values level (Thompson & Carlson, 2017), because he said that altitude
increased, remained the same, and then decreased as the distance increased while moving his pen
along the vertical axis and moving his pen over different parts of a graph.

Jack’s conception of function notation as convention for a graph shown in Figure 14
on the left. | present an excerpt below where Jack provided evidence that he conceived of
function notations a=f(d) and d=f(a) at a function notation as convention level.

Excerpt 10: Jack’s Pre interview

Azeem: Ok, so what will it (function notation) be for ‘a’ (graph on the left)? Which one
(referring to notation)?
Jack: For “a’ (graph on the left) that would be the um let’s see [pause] yeah so ‘a’

(graph on the left) is probably the first one (referring to a=f(d)) because altitude is
a function of distance which means you know every time distance like distance is
the independent variable and the altitude is the dependent variable so altitude is
dependent on the distance for the sake of this one. So it will be like d [labeled
horizontal axis‘d’] and f of d ( f(d)) [labeled vertical axis “f(d)’] and then
[sketching another graph, see Figure 15 left] you have the same thing.

Azeem: Could we say d equals f of a (d=f(a)) for graph a?

Jack: For this one.

Azeem: Umhum.

Jack: I don’t think so, because usually like you usually have the you know like since

this is f of d (f(d)), that would imply that you have the independent variable on the
x-axis. That is usually how that works. I don’t think you can have the independent
variable on the y-axis. Or you know what | mean
Azeem: Ok.
Jack: Yeah. Itiskind of hard to explain but basically, I think like f of anything has to
be on the y-axis and then the original thing has to be on x.
Jack conceived of function notation a=f(d) at a function notation as convention level.
When | asked him, which rule would go with Figure 14 left, he said, “a equals f of d (a=f(d))
because it is the altitude is a function of distance.” He first pointed to the horizontal axis which

was labeled as “d’, and then said, “distance is the independent variable and the altitude is the
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dependent variable,” so he matched the variables in function notation a=f(d) to the labels of axes.
Then he sketched a graph (see Figure 15 left) and said, “it will be like d” and then put‘d” along
the horizontal axis and f(d) along the vertical axis, and also said, “you have the same thing,” so
he was labeling the axes of his graph very carefully based on function notation a=f(d), and he
conceived of function notation at a function notation as convention level.

Jack provided evidence that he conceived of function notation d=f(a) at a function
notation as convention level. When | asked him if we could write d=f(a) to represent Figure 14
left, he said, “I don’t think you can have the independent variable on the y-axis.” Jack moved his
finger along the vertical axis (see Figure 15 left) and said, “I think like f of anything has to be on
the y-axis.” He also moved pen back and forth along the horizontal axis and said, “the original
thing has to be on x.” I was not surprised when Jack said that the independent variable should
always be on the horizontal axis, because that is what he was used to and that is how graphs are
presented to students. Because he said that x had to be along the horizontal axis, | interpret that
he conceived of function notation at a function notation as convention level such that the
horizontal axis represented the independent variable.

Jack’s conception of function notation as convention to a relationship between
variables for a graph shown in Figure 14 on the right. In the excerpt below, Jack provided
evidence that he began to shift from conceiving of function notations a=f(d) and d=f(a) at a
function notation as convention level to function notation as a relationship between variables
level.

Excerpt 11: Jack’s Pre interview
Azeem: Ok, how about the other graph? (referring to figure 14 shown on the right)
Jack: [pause] I don’t think you could really call that a function because that would

imply that | mean well d is f of a, but since a (altitude) would give you two values
at certain point, I don’t think you could really use that as a function.
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Azeem: Ok. How about a equals f of d (a=f(d)) for the second situation (referring to
figure 14 shown on the right)?

Jack: Um [pause] Maybe, I’m not sure.

Azeem: Let’s look at it closely and carefully and see if it is possible to write it as a equals
f of d (a=f(d)).

Jack: The thing is you like basically you want to switch to this axis (pointing to top half
Figure 15 left) if you want to do that, that will make it the easiest | mean.

Azeem: But even though, the way that it is, is it possible to write it as a equals f of d
(a=f(d))?

Jack: I guess so.

Azeem: And why?

Jack: I mean | don’t know about tradition or anything like if you have to have f of d

(f(d)) on the y-axis, but if you don’t then I guess you could just flip it as long as
like, it would be the same thing, it would just be rotated.

Azeem: So, then is it okay for us to say a equals f of d (a=f(d))?
Jack: I guess so, yes. Well, wait.
Azeem: Do you want to rotate it and see?
Jack: Yes. |think, yes, it would still work then, yeah, a mirror [smiles].

5. Is it possible to write the situations (in 4 above) as a = f(d). d = f(a) ?

= ~ axf (d)
Y
A A= f@)

A «

Figure 15: Jack’s annotation of general function notation (Pre interview)

Jack was beginning to conceive of d=f(a) at a function notation as a relationship
between variables level. When | asked him if he could express Figure 14 right as d=f(a), he said
“I mean well d is f of @,” so | interpret that he meant that a graph had the horizontal axis
labeled,*d’, and the vertical axis labeled, ‘a’, which matched with the notation d=f(a), so it was
okay to say d=f(a). At the same time he also said, “since a (altitude) would give you two values
at certain point, | don’t think you could really use that as a function,” so Jack meant that writing
d=f(a) for figure 15 shown on the right did not define a function (one input ‘a’ had two outputs

‘d’). Then Jack pointed to the horizontal axis and then moved his finger vertically on two
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different parts of the graph to show that one altitude input would give two distances as outputs
and that violated the definition of a function. Because Jack moved his finger to show that one
input had two outputs, so he employed a correspondence approach to justify that Figure 14
shown on the right could not be expressed as d=f(a). Jack was beginning to shift from
conceiving of function notation d=f(a) at a function notation as convention level to function
notation as a relationship between variables level.

Jack provided evidence of what the word “flip” meant to him. When | asked him if he
could express Figure 14 right as a=f(d), he first said he was not sure. Then | asked him to look
at the graph carefully. He said, “you basically want to switch it to this axis (pointing to Figure
15, left) if you want to do that, that will make it the easiest | mean,” so | interpret that he was
thinking about rotating a graph (figure 15 on the right) counterclockwise. When he said, “you
could just flip it ..., it would just be rotated,” so | interpret that by the word “flip” he meant
rotating a graph counterclockwise so that distance was along the horizontal axis and altitude
along the vertical axis. Jack shifted from conceiving of function notation at a function notation
as convention level such that the independent variable always had to be along the horizontal axis
to a shift that the vertical axis could also represent the independent variable.

Within this task in the Pre interview, Jack shifted from conceiving of function notation at
a function notation as convention level to function notation as a relationship between variables
level. Jack provided evidence that figure 14 shown on the right could be written as a=f(d). He
sketched a graph (see Figure 15 right) and also said, “So it would be the same a equals f of d”
(a=f(d)) [wrote a =f (d), see Figure 15 right]. | asked him again if it was okay to say a equals f
of d (a =f (d)) for Figure 14 right. He said, “yes”, but said, “well, wait.” So, | rotated Figure 14

right counterclockwise, and he said, “Yes. | think, yes, it would still work then, yeah, a mirror
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[smiles].” He talked about mirror earlier too, and | interpret that he conceived of rotating a graph
counterclockwise earlier as well. He not only said that distance could be on the vertical axis, but
also rotated his graph to show that distance increased in both cases. He engaged in variational
reasoning and covariational reasoning earlier in this task when I asked him how height and
distance changed, and he conceived of function notation at a function notation as a relationship
between variables level.

Post interview. | gave Jack a plane situation task such that as the plane covered the
distance along the ground, its altitude changed. This is the same task he worked on in the Pre
interview. | asked him to read the situation out loud and interpret the graph. In the excerpt
below, Jack provided evidence that he conceived of altitude as a quantity that was capable of
changing.

Excerpt 12: Jack’s Pre interview

Jack: I am assuming this is the distance traveled so that would be d [labeled the
horizontal axis‘d’] and that would be altitude a [labeled the vertical axis ‘a’].

Azeem: Ok.

Jack: And so basically it is just the altitude increases at first [moved pen from the origin
to the increasing part of the graph] as the plane is taking off and then it levels off
[moved pen over the horizontal part of the graph], then it lands again [moved his
pen over the decreasing part of the graph].

Reasoning with quantities: Variational reasoning. After reading the situation out loud
and labeling axes of a graph (see Figure 16 left), he said, “the altitude increases at first as the
plane is taking off,” and moved his pen from the origin to the increasing part of the graph to
show that the altitude increased. Then he said, “it levels off”, and moved his pen over the
horizontal part of a graph to show that altitude stayed the same. Then he said, “it lands”, and
moved his pen over the decreasing part of a graph to show that altitude decreased. Because he

moved his pen over different parts of a graph and said that altitude increased, remained the same,
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and then decreased, so | interpret that he conceived of an altitude as a quantity and engaged in

variational reasoning at a level called gross variation (Thompson & Carlson, 2017).
Reasoning with quantities with attributes on different axes: Variational reasoning

and conception of function. Then I asked Jack to have the attributes on different axes. In the

excerpt below, Jack provided strong evidence that he conceived of distance as a quantity and

employed a correspondence approach to conceive of function.

Excerpt 13: Jack’s Post interview

Azeem: What if you have the same situation as before [handed another paper] but now

your attributes are represented on different axes. What would happen? How
would you interpret that?

Jack: It would work as long as you had to like put ‘a’ there [labeled the horizontal axis
‘a’, see fig. on right] and d there [labeled the vertical axis‘d’, see figure 16 right]

Azeem: So now is that any different from what you had before? [turned the graph
counterclockwise]

Jack: I mean in terms of axes, yes, but in terms of what it is actually depicting, no.

Azeem: What is it not depicting which it was not before?

Jack: well, like I mean it is the same did | flip the question around? It is different in
terms of axes, but it’s the same in terms of what it is depicting.

Azeem: Ok, ok. Alright. So, what is going on then. Can you explain one more time?

Jack: Yes. | mean since it does not technically matter the axis, | don’t think, so it would

just be like 1 would say this is 0 to 500 for the distance (put 0 and 500 along the
vertical axis) as long as it (distance) increases here, it equals one altitude value
every single time, then it would work.

Figure 16: Jack’s annotation of the plane situation with distance on the horizontal axis (left) and

distance on the vertical axis (right)

103



I asked Jack to represent the attributes on different axes. He labeled the vertical axis “d’
and the horizontal axis ‘a’. Then | asked him if it was different than before. He responded
differently than the Pre interview and said, “It is different in terms of axes, but it’s the same in
terms of what it is depicting,” so | interpret that to Jack, a graph represented the same
relationship between distance and altitude regardless of which axis represented distance and
altitude.

Jack put numbers 0 and 500 along the vertical axis, so | interpret that with the numbers he
demonstrated that distance was possible to measure. He also said that the axis did not matter, so
he conceived of distance and altitude such that the vertical axis could represent a quantity
representing the independent variable, and the horizontal axis could represent a quantity
representing the dependent variable. He said that as distance increased along the vertical axis, “it
equals one altitude value every single time,” which | take as evidence that he conceived of
distance and altitude representing a function.

Jack conceiving of function notation as a relationship between variables for a graph
shown in Figure 17 (top graph). Jack provided evidence that he conceived of function notation
a=f(d) at a function notation as a relationship between variables level. Jack sketched his own
graph (see Figure 17 top graph) and wrote a=f(d). When | asked him to explain why he could
say a=f(d), he wrote 1 d input = 1 a output, so | interpret that he employed a correspondence
approach to show that a graph shown in Figure 17 on the top could be expressed as a=f(d).

Jack conceiving of function notation as a relationship between variables for a graph
shown in Figure 17 (bottom graph). In the excerpt below, Jack provided evidence that a graph
shown in Figure 17 on the bottom could only be expressed as a=f(d).

Excerpt 14: Jack Post interview
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Jack:

Azeem:

Jack:

Azeem:

Jack:

Azeem:

Jack:

Azeem:

Jack:

Azeem:

Jack:

Azeem:

Jack:

Azeem:

Jack:

Azeem:

Jack:

Azeem:

Jack:

Azeem:

Jack:

And, yeah for this one it would not work because you would have points like right
here where you have one altitude [ pointing to a point on the horizontal axis, see
figure 17 bottom] but you will have two different distances [pointed to two points
on either side of the horizontal part]

Ok.

So, that would be [writing 1 a input # 1 d output]

So, one altitude input does not equal one distance output

Yes, because there are points where you have multiple outputs for one input.

So, which notation we can say.

You can say a equals f of d (a=f(d) but not the d equals f of a (d=f(a)).

Ok, just write it down.

I guess that would be yes that is d equals f of a (d=f(a)) [wrote d =f(a)] does not
work or something?

Yeah, say that.

[wrote “doesn’t work’]

So, which one works for that?

[wrote ‘works’ next to the graph on the top]

For this one [pointed to the top graph] or for that one [pointed to the bottom
graph]?

I mean for that one you really couldn’t (pointed to graph at the top). For that one
(pointed to graph on the bottom) it would have to be the same where it is the a
equals f of d (a=f(d)) one [wrote a =f(d) next to the graph on the bottom]

That works or that does not work.

Yeah that one would work [wrote ‘works’ next to a=f(d) bottom graph]

And again, why is that?

Because it would be just basically the same graph as that graph [pointing to the
graph at the top] just flipped axes wise.

So still you are getting the one input one output.

Umhumm.

Jack first explained that d=f(a) did not work because one input had more than one output,

so | interpret that he employed a correspondence approach. He wrote a=f(d) works. When |

asked him why a=f(d) worked, he said, “because it would be just basically the same graph as that

graph [pointing fig.17, top], just flipped axes wise.” Jack engaged in quantitative reasoning and

employed a correspondence approach, so he conceived of function notation at a function notation

as a relationship between variables level. He conceived of both graphs representing distance

and altitude related in a way such that altitude depended on distance, regardless of which axis
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represented distance and altitude. When 1 asked him if this graph satisfied the definition of a
function “one input one output”, he agreed. Again, Jack provided evidence that to him, function
notation a=f(d) meant more than what Musgrave and Thompson (2014) termed idiomatic

expression.
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Figure 17: Jack’s annotation of his sketched graphs
Post interview task: Function Notation as a Relationship between Variables

I present the modified task from the Post interview. Jack did not work on this task in the
Pre interview. To learn more about how he conceived of function notation, I asked him to
interpret a response from a student named Sam who said that both graphs (see Figure 18) could

be written as h=f(d).

d
=
h
Figure 18: Distance on the horizontal axis (top) and distance along the vertical axis (bottom)
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The excerpt below is taken from the end of the Post interview. In the excerpt below, Jack
provided evidence that he engaged in covariational reasoning and conceived of function notation
at a function notation as a relationship between variables level.

Excerpt 15: Jack Post interview

Azeem: Ok. My last question is for the swing situation. Sam said that both graphs can be
written as h equals f of d (h=f(d)). What do you think?

Jack: Um, yeah, | think so. It would work.

Azeem: And why?

Jack: Um because both times it is the same thing it is flipping the axes, but the distance

is always increasing both times [moved pen along the vertical axis from origin
going up [bottom graph] and moved pen along the horizontal axis left to right [top
graph] and the height is fluctuating [traced the graph with a closed pen top graph
and then traced the bottom graph with a closed pen] based on the distance.

Jack conceived of function notation at a function notation as a relationship between
variables level. In this excerpt, Jack said that both graphs could be represented as h=f(d). When
I asked why, he said, “Um because both times it is the same thing it is flipping the axes, but the
distance is always increasing both times and the height is fluctuating based on the distance.”
Even though he mentioned “flipping the axes”, he conceived of how distance and height
changed. He also moved his pen along the vertical axis from the origin going up (see Figure 18
bottom graph) to show that the distance increased along the vertical axis. He also moved his pen
along the horizontal axis left to right (see Figure 18 top) to show that the distance increased
along the horizontal axis. When he said, “the height is fluctuating,” he also traced both graphs
with a closed pen. | interpret that he meant that the height fluctuated along the vertical axis (see
Figure 18 top) as well as along the horizontal axis (see Figure 18 bottom), and in both cases, the
height depended on the distance. He engaged in covariational reasoning at a level called Gross

Coordination of Values (Thompson & Carlson, 2017), because with his pen movements he

showed that as distance increased, the height increased and then decreased. When he said, “it is
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the same thing,” he conceived of both graphs representing distance and height just along
different axes, such that height depended on distance. So, Jack conceived of function notation at
a function notation as a relationship between variables level. To Jack, function notation h=f (d)
expressed a relationship between two quantities, which is something different than what
Musgrave and Thompson (2014) term idiomatic expression.

Summary

Within the Pre interview, Jack first conceived of function notation at a function notation
as convention level and then conceived of function notation at a function notation as a
relationship between variables level. After a change in his conception of function notation
within the Pre interview from function notation as convention level to function notation as a
relationship between variables level, his conception of function notation remained consistent
throughout all interviews. At a function notation as convention level, he conceived of function
notation in conjunction with variational reasoning and covariational reasoning. At this level, he
conceived of function notation using convention of Cartesian coordinate system such that the
horizontal axis represented the independent variable. At a function notation as a relationship
between variables level, he engaged in variational reasoning, quantitative reasoning, and
covariational reasoning and employed a correspondence approach to function. Next, | briefly

summarize how Jack’s case answers my three research questions.

How Might Students’ Conceptions of Function Impact Their Conceptions of

Function Notation?

Jack’s conceptions of function remained consistent across the Pre interview to the Post

interview. He engaged in variational reasoning and covariational reasoning and employed a
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correspondence approach to function. He conceived of a function as every input mapping to an
output. He was consistent throughout the tasks in the Pre interview, Ferris wheel interviews, and
the Post interview, that the same input could not map to different outputs, but different inputs
could map to the same output. He also engaged in covariational reasoning across all tasks

involving situation tasks as well as the Ferris wheel tasks.

Within the Pre interview plane situation task, Jack demonstrated shifts in his conception
of function notation from function notation as convention level to function notation as a
relationship between variables level. After a shift within the Pre interview that any axis can
represent the independent variable, his reasoning with function notation remained consistent
throughout all interviews. Within the Post interview in a graphs and matching rules task for
graph 4, Jack checked two function notations, but nothing more than that based on what he said
in this particular task. Comparing his work in this task to his conception of function and function
notation within situation tasks and the Ferris wheel tasks with attributes switched, | can say that
he conceived of function notation at a function notation as a relationship between variables
level. He conceived of function as one input mapping to one output and different inputs
mapping to the same output. He checked both notations to show that he conceived of both
guantities to see which quantity will satisfy his conception of function. In this task, Jack
switched axes labels to show that any variable could represent the independent variable. He
chose function notation s=h(t), so he did not match the variable s on the horizontal axis to the

variable in the parentheses which was t.

Within the Pre interview situation tasks and throughout other interviews, Jack engaged in

quantitative reasoning, variational reasoning, and covariational reasoning and employed a
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correspondence approach to function, so he conceived of function notation at a function notation
as a relationship between variables level. He was not only thinking about how quantities
changed together, but also thinking about interchanging the variables along the axes as long as it
satisfied the definition of a function. Using Thompson and Carlson’s (2017) definition of a
function, Jack engaged in quantitative reasoning and covariational reasoning and demonstrated
conceptions of an invariant relationship between quantities. He employed a correspondence
approach to attend to the part of Thompson and Carlson’s (2017) definition that the value of one
quantity determined the value of the other quantity.

How Might Covariational Reasoning Related to Function Impact Students’ Conceptions of
Function Notation?

Jack consistently engaged in covariational reasoning within and across all interviews.

For example, in situation tasks in the Pre interview, Ferris wheel interviews, and the Post
interview, he provided evidence that he conceived of quantities changing together. He conceived
of quantities changing together even when attributes were represented on different axes.

Jack engaged in quantitative reasoning, variational reasoning, and covariational reasoning
and employed a correspondence approach which impacted his conception of function notation.
He could think flexibly about graphs, where quantity representing the independent variable could
be represented by either the horizontal axis or the vertical axis. In other words, he conceived of
function notation at a function notation as a relationship between variables level.

How Do Students Conceive of a General Function Notation?

Jack preferred y=f(x) over g=r(m) because he was used to this function notation. He first

showed that the independent variable could only be represented by the horizontal axis, but he

provided evidence of a shift in his conception within the Pre interview situation tasks. Within
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the Pre interview plane situation task, he accepted that the independent variable could be
represented by the vertical axis. He provided evidence of a shift in his conception of function
notation from function notation as convention level to function notation as a relationship
between variables level. His conception of function notation remained consistent for the rest of
the Pre interview and across the Pre interview to Ferris wheel interviews to the Post interview.
Jack’s conception of function notation shifted across the Pre interview to the Post
interview for a particular task in tasks involving functions, graphs, tables and function rules. For
example, in four sets of graphs and matching rules task in the Pre interview, he selected one
function notation and conceived of function notation at a function notation as convention level
such that the independent variable could only be represented by the horizontal axis. But, in the
Post interview, he checked two function notations, but nothing more than that based on what he
said in this particular task. Comparing his work in this task to his conception of function and
function notation within situation tasks and the Ferris wheel tasks with attributes switched, where
the independent variable was represented along the vertical axis, Jack demonstrated that he
engaged in quantitative reasoning, variational reasoning, and covariational reasoning. So, I can
say that he conceived of function notation at a function notation as a relationship between
variables level in this task. He conceived of function as one input mapping to one output and
different inputs mapping to the same output. He checked both notations to show that he
conceived of both quantities to see which quantity will satisfy his conception of function.
Engaging in covariational reasoning and employing a correspondence approach to a
function impacted Jack’s conception of function notation. He conceived of an invariant
relationship between quantities first and then employed a correspondence approach to interpret

function notation. In other words, he conceived of function notation using Thompson and
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Carlson’s (2017) definition of function, which I refer to as a combination of covariational
reasoning and correspondence approach. Jack engaged in quantitative reasoning and
covariational reasoning and demonstrated conceptions of an invariant relationship between
quantities. He employed a correspondence approach to attend to the part that the value of one

quantity determined the value of the other quantity.
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CHAPTER VI
CASE STUDY OF DAVE

In this chapter, | present a case study of Dave who conceived of function notation at a
function notation as label and function notation as convention level within the Pre interview and
the Post interview. His conception of the definition of function mitigated his conception of
function notation. He operated with a different conception of the definition of function within
and across the Pre interview and the Post interview than Ferris wheel interviews. Within Ferris
wheel interviews, he conceived of function notation at a function notation as a relationship
between variables level. | identify Dave’s conceptions of function and function notation and his
engagement in quantitative reasoning, variational reasoning, and covariational reasoning within
and across interviews. Within Ferris wheel interview 1, he first conceived of distance from both
distance and height measuring the same thing (length from the ground) and then conceived of
distance increasing and only the height increasing and then decreasing. Within and across Ferris
wheel interviews, he conceived of function notation at a function notation as a relationship
between variables level, where he engaged in variational reasoning and covariational reasoning
and then employed a correspondence approach, but not across the Post interview. Across the Pre
interview to the Post interview, he conceived of function notation at a function notation as label
and function notation as convention level.

I interviewed Dave last. Midway through data collection, | met with my advisor, Dr.
Johnson, to discuss how tasks were providing opportunities for me to gather evidence of
students’ conceptions of function notation. Dr. Johnson provided me an idea to have students

respond to others’ claims about a graph (see also Johnson et al., 2018, August). As a result, we
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modified a few tasks (see Table 8 in Chapter 4). Because | interviewed Dave last, he worked on
all the modified tasks in all interviews.

I included a selection of tasks that Dave worked on during the set of interviews. |
selected five tasks from the set of interviews. There is one task from Ferris wheel interview 1
and one task from Ferris wheel interview 2. In the Pre interview and the Post interview, |
include one task from tasks involving functions, graphs, tables, and function rules and two tasks
from the situation tasks. | selected these tasks because they provided strongest evidence of
Dave’s individual forms of reasoning and his conceptions of function notation. Excerpts are
representative of Dave’s broader work across tasks. | have merged Wolcott’s (1994) constructs
of description, analysis (my interpretation), and interpretation (connections to literature) in the
results. | use the term interpret to refer to Wolcott’s (1994) analysis and interpretation levels.
When | make connections to extant literature, I move from analysis to interpretation.

I organized this chapter in such a way as to make it easy to see Dave’s growth in
understanding function and function notation during and after intervention. Ferris wheel tasks are
presented in chronological order. The Pre interview and the Post interview tasks are not
presented in chronological order, because | present a task from the Pre interview and then a
similar task from the Post interview. | present Ferris wheel tasks first, and then tasks from the
Pre interview and the Post interview, to provide readers an opportunity to follow Dave’s
conceptions of function and function notation during the intervention and his conceptions of
function and function notation from the Pre interview to the Post interview.

At the conclusion of this chapter, | present a summary that addresses my research
questions. I include each research question and describe how Dave’s work answered each of my

research questions. Within and across Ferris wheel interviews, he conceived of function notation
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at a function notation as a relationship between variables level because he engaged in variational
reasoning and covariational reasoning and then employed a correspondence approach. Within
Ferris wheel interviews, he conceived of onto graphs representing a function such that two
different inputs could map to the same output. Within the Pre interview and the Post interview
and across the Pre interview to the Post interview, he conceived of function notation at a function
notation as label level, where his conception of function notation was intertwined with physical
characteristics such as the shape of a graph. Across the Pre interview to the Post interview, he
applied the definition of a function such that there must be a one-to-one-correspondence for a
graph to represent a function and conceived of function notation using this conception as well.

Ferris Wheel Interviews

In this section, | present two tasks to demonstrate Dave’s reasoning with function and
function notation in Ferris wheel interviews. | present one task from Ferris wheel interview 1
and one task from Ferris wheel interview 2 to demonstrate that he conceived of function notation
at a function notation as a relationship between variables level. His conception of function
notation remained consistent within Ferris wheel interview 2 and across Ferris wheel interview 1
to Ferris wheel interview 2.

Ferris Wheel Interview 1

Within Ferris wheel interview 1, Dave first conceived of distance measuring the same
thing as height- a length from the ground. Later, he conceived of distance as increasing to the
right, zero at the maximum, and decreasing to the left, while the height increased and then
decreased. After watching the dynamic trace and the dynamic Ferris wheel together, he shifted
in his conception of distance such that distance was the total distance traveled around the Ferris

wheel and only the height increased and then decreased. Then he demonstrated that he engaged
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in covariational reasoning and conceived of function notation at a function notation as a
relationship between variables level.

Ferris Wheel Interview 1 Task 1: Function Notation as a relationship between
variables. Right after Dave provided evidence that he conceived of distance and height
changing together, | asked him to interpret a response from a student named Pat who said that the
graph below (see Figure 19) could be written as either d=f(h) or h=f(d). In the excerpt below,
Dave provided evidence that he conceived of an invariant relationship between quantities such

that the distance continued to increase, and the height varied with it.

Pat said that the graph below can be written as eitherd = f(h) or b = f(d). What do you
think?

d

AN /;y

el

Figure 19: Graphs given to Dave with distance along the horizontal axis (left) and distance
along the vertical axis (right).

Excerpt 16: Dave Ferris wheel interview 1 task 1

Azeem: Alright, so my next question is again about the notation. So, Pat said that this
graph could be written as either d equals f of h (d=f(h)) or h equals f of d (h=f(d))
What do you think?

Dave: I do not think that they (axes) could be freely interchanged because distance keeps
progressing I guess indefinitely as they would keep going around the circle and
the height reaches a certain point and then decreases. So, this graph [see Figure
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Azeem:
Dave:
Azeem:
Dave:

Azeem:
Dave:

Azeem:

Dave:
Azeem:

Dave:

Azeem:
Dave:
Azeem:
Dave:

19 left], assuming h stands for height (pointed to h along the vertical axis, see
Figure 19 left) and d stands for distance (pointed to d along the horizontal axis,
see Figure 19 left) is true, but this one (pointed to Figure 19 right) cannot be
because d does not reach a peak in value or x, distance, sorry. So, the two cannot
be interchanged.

Ok. So, which one of these could it be written as?

I think it would be h equals f of d (h =f(d)).

Why?

Because | don’t think that distance can be derived from a function of height if
height reaches a specific height (a peak) and I do not think that distance can be
derived from that [pointed to horizontal axis d] if there is a peak [moved pen to
the max, see Figure 19 left] and distance continues to progress pass that [moved
pen from the middle of the horizontal axis all the way to the end].

What would happen in that case [pointing to h =f(d)]?

In the case of h equals f of d (h=f(d)), then height is equal to a function of
distance. So, it is hard to express that | guess. Because distance is continuously
increasing (moved pen along the horizontal axis, see Figure 19 left), it. | guess,
uh, it’s hard to put. I guess just because distance has more value to it or because it
has more values in general, then | guess more values could be input into the
equation or in the function to create h (pointed to the peak), I am really sorry.
Yeah there are no right or wrong answers so don’t be panicked. 1 just want to
know how you are thinking about it.

I had it a second ago but

So, you said no, you can’t write it this way or that way earlier and | just want to
know why you said that.

Ok, so I think that height can be the product of a function of distance because well
with distance continuously increasing. | am sorry | already explained why
distance can’t equal a function of height.

Umhum.

Um [pause 15 secs]. | guess it is difficult to put into words.

So just maybe point to the graphs and just tell me what you are thinking.

Ok, well I guess, because distance is continuously increasing this way [moving
pen along the horizontal axis of the left graph, see Fig.19] the increasing values
allows for height to also increase[moved pen along the increasing part of graph on
the left, see Fig.19] but reaches certain point [stopped pen at max] and then start
to decrease [moved pen from the max to the decreasing part of the graph] while
distance can continue to increase [moved pen along the horizontal axis], but if you
were to switch the two [pointing to labels d and h in Fig.19 right graph], then that
won’t work out because the height is not continuously increasing [moved pen
along the horizontal axis right graph] but instead reaches a certain high point.
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In this excerpt, Dave provided evidence that he conceived of distance and height as
quantities. He said that axes could not “be freely interchanged.” He also pointed to the axes of a
graph shown in Figure 19 on the left to show that distance increased along the horizontal axis
and the height varied along the vertical axis. He pointed to a graph shown in Figure 19 on the
right and said, “d does not reach a peak in value.” | interpret that he conceived of distance as a
quantity that increased and therefore, the vertical axis could not be labeled ‘d’. In other words,
he provided evidence that Pat could not just interchange variables along the axes. Because to
Dave, the variables along the axes represented how quantities changed, he engaged in emergent
shape thinking (Moore & Thompson, 2015) when interpreting graphs.

Dave provided evidence of conceiving of two changing quantities and then employing a
correspondence approach when interpreting function notation. When I asked him about function
notations, he said, “it would be h equals f of d (h=f(d))”. | asked him, “why?” He explained why
he could not say d=f(h) by saying, “if there is a peak and distance continues to progress pass
that,” so | interpret that he meant that one h had different distances and d=f(h) was not possible.
Then I asked him about h=f(d). He said, “more values could be input into the equation or in the
function to create h,” while pointing to the peak when he said h. | interpret that he meant that
different distance inputs mapped to the same height, therefore, he could express a graph as
h=f(d). I interpret that he employed a correspondence approach. Then I asked him to point to
the graphs to tell me what he was thinking. Dave explained how the distance and height changed,
where distance kept going and the height increased up to a point and then decreased. He moved
his pen along the horizontal axis (see Figure 19 right) and said, “height is not continuously
increasing,” so | interpret that he conceived of how quantities changed rather than paying

attention to how the axes were labeled. I interpret that Dave engaged in covariational reasoning
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at a Gross Coordination of Values (Thompson & Carlson, 2017) level, because he explained that
as distance increased, the height increased and then decreased. Dave engaged at a function
notation as a relationship between variables level, because to him, function notation h=f(d)
expressed a relationship between two quantities such that as the distance increased, the height
increased and then decreased. His reasoning with function notation is different from what
Musgrave and Thompson (2014) term idiomatic expression.

Ferris Wheel Interview 2

In this section, | report on Ferris wheel interview 2. Within Ferris wheel interview 2 and
across Ferris wheel interview 1 to Ferris wheel interview 2, Dave’s reasoning with function and
function notation remained consistent. | only present one task from the end of Ferris wheel
interview 2 because this task was representative of Dave’s reasoning throughout Ferris wheel
interview 2 and across Ferris wheel interview 1 to Ferris wheel interview 2.

Ferris wheel interview 2 Task 2: Function notation as a relationship between
variables. | asked Dave to interpret a response from a student named Nat who said that both
graphs could be expressed as h=f(d). The figure below shows his annotated graphs (see Figure
20). In the excerpt below, he demonstrated that he conceived of both graphs representing the
changing distance just represented on different axes and then employed a correspondence
approach to justify function notation, so he conceived of function notation at a function notation

as a relationship between variables level.
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Nat said that both graphs can be written as i = f(d). What do you think?

—_—

104 3
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n=f(ol)

Figure 20: Dave’s annotation related to function notation with distance on the horizontal axis
(left) and distance on the vertical axis (right)

Excerpt 17: Dave Ferris wheel interview 2 task 2

Azeem:

Dave:
Azeem:
Dave:

Azeem:
Dave:

Azeem:

Dave:

Ok. Alright. Let me stop that animation for a second and what I’ll ask you next
is this question. Nat said that both graphs that we talked about in Ferris wheel
case, they can both be written as h equals f of d (h=f(d)). What do you think
about that?

Theoretically I think that it could be applied to both. Well, sorry give me a
second to look at it.

Ok

Pause [26 sec]. Alright, they should both work.

And why? And you can write on this paper.

So based on what I was thinking before, um, I guess the overall thing that needs to
be considered is whether or not d has a repeated value with a different value of h,
and since d is constantly increasing here [moving his pen over the horizontal axis
left to right, see Figure 20 left] and you do not encounter the same value here
multiple times, then this one [see Figure 20 left] still works with h equals f of d
(h=f(d)), and over here [pointed to Figure 20 right] it works the same way, it’s
just on a different axis [referring to d and h on different axes].

So, yeah, could you just maybe explain like in terms of the points like why it
makes sense to write it this way [both graphs as h=f(d)]?

Yeah, sure. So if h equals f of d (h=f(d)) then d [wrote h=f(d), see Figure 20]
can’t have well, d is the input has to equal a certain output and because of the
graph, it keeps moving forward on this axis, x-axis [pointing to Figure 20 left] if
we are talking about there, then say the points say d=3. If the point d=3 equals
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say h of 2 or something like that then eventually when you reach the same height
of h= 2 again, it would be something like d=10. Because of that it still works
because you get multiple inputs that do not equal the same output.

Azeem: Ok, what about the second case?

Dave: In the second case, it works the same way if d=3, for example here and h=3, then
d=10, h=3 again [wrote numbers (see Figure 20 right)]. So, at that rate, well you
do not have the same input here for d that equals the same output. If you flipped
it around so that d=f(h) then you’d have a problem where h could equal 2 in two
places [pointed his pen to h=2, h=2, one then the other in Figure 20 left] and it
will equal the same thing and have the different values for d.

To interpret function notation h=f(d), Dave conceived of both graphs representing the
same information and then employed a correspondence approach. He moved his pen over the
horizontal axis left to right (see Figure 20 left) and said, “since d is constantly increasing here
and you do not encounter the same value here multiple times, then this one still works with h
equals f of d (h=f(d)).” I interpret that he engaged in variational reasoning at a gross variation
level (Thompson & Carlson, 2017) because he conceived of distance as a quantity that increased.
He also pointed to a graph shown in Figure 20 on the right and said, “it works the same way,”
it’s just on a different axis,” so | interpret that he meant that both graphs represented distance
increasing; one graph had d on the horizontal axis and the other graph had d on the vertical axis.
I also interpret that he meant that both graphs could be written as h=f(d).

Within Ferris wheel interviews and across the Pre interview to Ferris wheel interviews,
Dave provided evidence of a shift in his definition of a function when employing a
correspondence approach to interpret function notation. 1 conjectured that he was using function
notation to represent only one-to-one correspondence, and | wanted to learn more about this. So,
I asked him to show me in terms of points what he meant. He showed with numbers (see Figure
20) that h=f(d) worked for both graphs. He said that h equals f of d (h=f(d)) worked for a graph

shown in Figure 20 on the left. He pointed to that graph and used numbers and said, “... it still
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works because you get multiple inputs that do not [emphasis added] equal the same output.”
Because he used two inputs of 3 and 10 for d and used one output of 2 for h, so | interpret that he
wanted to say that multiple inputs equaled the same output. When I asked him if a graph shown
in Figure 20 on the right could be written as h=f(d), he used 3 and 10 for d, and 3 for h. Then he
said, “we do not have the same input here for d that equals the same output,” so | interpret that he
conceived of a definition of a function such that different inputs mapped to the same output and
used this definition to state that a graph could be written as h=f(d). Here Dave employed a
correspondence approach to explain why h=f(d) worked.

Dave employed a correspondence approach to interpret function notation d=f(h). He
used numbers to explain why d=f(h) did not work for both graphs. He pointed to a graph shown
in Figure 20 on the left and said, “if you flipped it around so that d equals f of h (d=f(h)), then
you’d have a problem where h could equal 2 in two places (pointed his pen to[h=2, h=2], one
then the other) and it will equal the same thing and have different values for d,” | interpret that he
conceived of d-values as outputs and h-value as an input because he pointed to h=2 twice,
although he never used the words input/output here. He meant that same input h had different d
outputs, so it violated the definition of a function and therefore, d=f(h) did not work. Here Dave
employed a correspondence approach again to explain why d=f(h) did not work. He conceived
of function notation at a function notation as a relationship between variables level, because he
engaged in variational reasoning and employed a correspondence approach. Dave interpreted
function notation as something more than what Musgrave and Thompson (2014) term idiomatic

expression.
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Tasks Involving Functions, Graphs, Tables, and Function Rules

In this section, | present one task to demonstrate Dave’s conceptions of function notation.
Dave was the only student who worked on this type of task in both the Pre interview and the Post
interview, because all tasks were modified by the time | had scheduled his interviews. Across
the Pre interview to the Post interview, he provided evidence of relating function notation to the
shape of a graph and convention of matching the axes labels to the variables in function notation,
so he conceived of function notation at function notation as label and function notation as
convention levels.

General Function Notation Task: Function Notation as Label and Function Notation as
Convention

Pre interview. | asked Dave to interpret a response from a student named Sam who said
that both m=t(p) and p=t(m) could be used to describe a graph I provided, which Dave annotated
(see Figure 21 below). I include an excerpt below to show that Dave’s conceptions of function

notation were intertwined with the shape of a graph and convention.

p*

m
L
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Figure 21: Dave’s annotation of general function notation task in the Pre interview
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Excerpt 18: Dave Pre interview

Azeem:

Dave:

Azeem:
Dave:
Azeem:
Dave:

Azeem:
Dave:
Azeem:
Dave:

Azeem:
Dave:

Azeem:
Dave:

Azeem:
Dave:
Azeem:
Dave:
Azeem:

Dave:

Azeem:

Dave:

Ok. So there was Sam. Sam actually said that both m equals t of p (m=t(p)) and
p equals t of m (p=t(m)) can be used to describe this graph. Why do you think
that made sense to that person? What do you think about it?

Well, it is a linear function so | would assume that the two could be equateable,
but I don’t think this was entirely right because it is not exactly proportionate one-
to-one unless it’s off scale, but yeah at that rate, it seems like m would have
greater values than p, so | don’t think the two were equateable.

So which one do you think is the right one?

Um, let’s see. I’d probably say p equals t of m (p=t(m)) actually.

Why?

Just because if m is apparently a greater value or if it looks like a greater value,
then 1I’d assume the function will modify the greater value to be lesser in here.
Sorry that wasn’t very good.

If mis a greater value?

Yeah. Just from looking at the graph, m is a greater value so actually

What does this line represent?

Oh, the line. I’d assume that it represents the inputs of m and p or the input of m
resulting in p.

OKk.

So actually, yeah at that rate, | would still think it was p equals t of m (p=t(m)) if
m is the x-value which is supposed to be an input and p is a y-value.

And why do you think it’s the input and why you think p is the output?

Well, I guess I just think that because it’s on the x-axis, then it would be the input
and p on the y-axis would be the output.

So that’s why you are picking this one? [pointed to p=t(m)]

Yes.

Ok, what about the other one?

The other one.

Why do you think the other person said that oh you could also express it like that
[pointed to m=t(p)]?

I guess just thinking that you could switch the values around if this was a perfect
one-to-one, well if it was a perfect ratio of p equals m, then the two would be
reversible, but it’s not and | would just assume that this person never looked that
Oh so you are saying that. You said something about the ratio like could you
explain that a little bit?

Well, I’d say that if the value of p equaled the value of m(wrote p=m, see Figure
13), then the two would be reversible and if the p-value did not equal the m-value,
then this being m and this being p, then it would be perfectly increasing graph
(sketched a graphed, see Figure 21) | guess.
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Dave conceived of function notation in conjunction with conceiving of physical
characteristics of a graph as well as the convention that the variable in the parentheses should be
along the horizontal axis. He said that m seemed to have greater values than p, so p equals t of m
(p=t(m)) was the correct notation. 1 interpret that he conceived of function notation at a function
notation as label level because he attended to the physical slant of the line. To Dave, m values
seemed to increase faster than p values, so he decided to choose the variable with greater values
to represent the independent variable in function notation. He said that both function notations
p=t(m) and m=t(p) “could be equateable”, but he said that the line was not “exactly
proportionate one-to-one,” so | interpret that he wanted to see the shape of a graph of f(x)=x to
be able to express a graph using both function notations. He conceived of the possibility of
varying the intensity of the change (Johnson, 2012b) so that the shape of a graph would not have
a slant that it had and then both function notations p=t(m) and m=t(p) could be used to express a
linear graph. He wrote p=m and sketched his own graph (see Figure 13) later when | asked him
to explain what he meant by perfect ratio. Dave also conceived of function notation at a function
notation as convention level because he matched the axes of labels to function notation. He
provided evidence by saying that he chose “p equals t of m” because m was the input and on the
X-axis, p was on the y-axis and was the output.

Post interview. | asked Dave to interpret a response from a student named Max who
said that both m equals s of r and r equals s of m could be used to describe the graph. I provided
a graph to Dave which he annotated (see Figure 22 below). I include this excerpt because here
again, Dave’s conceptions of function notation were intertwined with the shape of a graph, so he

conceived of function notation at a function notation as label level.
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Max said that both m = s(r) and r = ${m) can be used to describe the following graph. Why
that made sense to that person? What do you think?

f+3
f:o

Figure 22: Dave’s annotation of general function notation task in Post interview

Excerpt 19: Dave Post interview

Azeem: Ok, alright. So, there was a student named Max and Max said that both m equals
s of r (m=s(r)) and r equals s of m (r=s(m)) can be used to describe this graph.
Why that made sense to that person? What do you think about that?

Dave: I can see the r equals s of m (r=s(m)) that would make sense to me. m equals s of
r (m=s(r)), I guess I could see that working if they thought that s as a function
involves some kind of addition.

Azeem: What kind of addition?

Dave: Well, just because the r starts at zero but m starts a few points up if s was
something of r plus 3 or something like that then r could theoretically equal zero
as it does here but you could still end up with an output of 3 up here say this is a
value of 3 [put ‘3’ as the starting point]. But, at that rate | am not sure if it would
produce a consistently increasing graph like this.

Azeem: Hum, and why does r equal s of m work?

Dave: r equal s of m (r=s(m)) yeah, r equal s of m (r=s(m)), because m has a starting
value and r does not so because of that r could be an output derived from the
input of a pre-existing value.

In the Post interview, the shape of a graph was intertwined with Dave’s conception of
function notation. In this excerpt, Dave said that “m equals s of r (m=s(r))” would work if s was
something of r plus 3. | interpret that he meant if m=s(r+3). When he said, “l am not sure if it
would produce a consistently increasing graph like this,” | interpret that by the consistently
increasing graph he meant that both r and m should start at the origin. Then he said “r equals s

of m (r=s(m))” worked because m had a starting value, but r did not, so r as an output could be
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derived “from the input of a pre-existing value,” so | interpret that to Dave, the variable along the
vertical axis had a higher starting value than the other variable, so to him, the same variable with
a greater starting value had to represent the independent variable in function notation. He had
similar reasoning for graph 3 in four sets of graphs and matching rules task as well. Because he
matched the variable with higher starting value to represent the independent variable in function
notation, he conceived of function notation at a function notation as label level where his
conception of function notation was intertwined with the shape of a graph.
Situation Tasks

In this section, first | describe how Dave reasoned with function notation in a task related
to function notation in the Pre interview and the Post interview. Then | describe his reasoning
with function and function notation given a swing situation task in both the Pre interview and the
Post interview. In both tasks, he conceived of function notation at a function notation as label
level across the Pre interview to the Post interview. Dave’s engagement with swing situation
task provided evidence of how he conceived of quantities and how his conception of general
function notation (y=f(x)) was separate from his covariational reasoning.

Situation Task 1: Function Notation as Label across the Pre Interview and the Post
Interview

Pre interview: Function notation as label. To learn more about how Dave conceived
of a function notation, | asked Dave to interpret a response from a student named Nat who said
that for the first situation, the graph could be written as both a=f(d) and d=f(a). | gave him a
graph which he annotated (see Figure 23). In the excerpt below, Dave provided evidence that he

could write function notations for a graph that did not satisfy his definition of a function.
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Nat said that for the first situation, the graph can be written as botha = f(d) and d = f{a).
at do you think?

think?
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Figure 23: Dave’s annotation of the task in Pre interview

Excerpt 20: Dave Pre interview

Azeem:

Dave:

Azeem:
Dave:

Azeem:
Dave:

Azeem:
Dave;
Azeem:
Dave:
Azeem:
Dave:

Azeem:
Dave:

Azeem:

Nat said that for the first situation the graph can be written as both a equals f of d
(a=f(d)) and d equals f of a (d=f(a)). What do you think?

I agree. |think that it could. Just because from what I saw in the previous one
even if there is a problem with a function even if you switch the values for d and
a, it still seems to encounter the same points so, yes, I’d say that the graph can be
written as both a equals f of d (a=f(d))and d equals f of a (d=f(a)).

And why again? Can you write down something over here?

Sure. So, at that rate like another example where d is 2 and 8 over here and a were
to just equal 4 and hit the point of (2, 4) and (8, 4) and. Sorry trying to think and
move at the same time. [wrote 4=f(8) and 4=f(2)]

So, what’s happening?

Umm kind of hitting a moment where | would think that they could both be
written as a function, but I am running into them not working as a function.
Humm.

So, I guess they could both be written as the same non-real function.

[pause] ok.

So, let me try d equals f of a (d=f(a)) if I could.

Ok.

So, 8 equals f of 4 (8=f(4)) and 2 equals f of 4 (2=f(4)), alright, yes they could be
written as the same non-real function.

[pause]. Non-real function. Why did you say that?

Umm, | say non-real because just based on the whole two different inputs
equaling or the same input equaling two different outputs that it is not a functional
function.

Ok, and what about a (referring to a=f(d))
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Dave; For a, in that case it would be 4 would equal f of 2 (4=f(2)) or 4 would equal f of
8 (4=f(8)), so it is a problem with the same output equaling two different inputs.

Azeem: So, they are both not functions.

Dave: Yes.

Dave conceived of function notations as variables with different letters that could be used
to represent graphs that represented functions or graphs that did not represent functions. He first
said that switching the values for d and a still gave the same points, so the graph could be written
as both “a equals f of d (a=f(d)) and d equals f of a (d=f(a)).” He put numbers later (see Figure
23) and said that the graph did not represent a function, although he said that he could write both
function notations as the same non-real function. When I asked him what he meant by the term
non-real function, he explained that by the term non-real function, he meant that one input had
two different outputs and the same output had two different inputs which according to Dave did
not define a “functional function.” | interpret that he used numbers to show that a graph did not
represent a function, but he could still use either function notation to represent this non-real
function. He engaged in variational reasoning at a Variable as symbol (Thompson & Carlson,
2017) level because he conceived of function notation variables as symbols. Based on my levels
of function notation, he conceived of function notation at a function notation as label level,
where variables were just different letters because he used function notation for graphs that
represented a function or for graphs that did not represent a function. A graph that represented
an onto function did not satisfy Dave’s definition of function, and his conception of the
definition of a function impacted his conception of function notation, so he expressed the graph
as both a=f(d) and d=f(a).

Post interview: Function Notation as Label. To learn more about how Dave conceived
of a function notation, | asked him to interpret a response from a student named Chris who said

that for the first situation, the graph could be written as both a=f(d) and d=f(a). | gave him a
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graph which he annotated (see Figure 24). In the excerpt below, Dave provided evidence that his
conception of the definition of a function impacted his conception of function notation and in

this task, he did not write a function notation for a graph that did not define a function to Dave.

Chris said that for the first situation, the graph can be written as both @ = f(d) and d = f(a).
What do you think?

Figure 24: Dave’s annotation of the task in Post interview

Excerpt 21: Dave Post interview

Azeem: Ok, alright. So, there was a student named Chris and Chris said that for the first
situation, the first one over here [pointing to graph 1], the graph could be written
as both a equals f of d (a=f(d)) and d equals f of a (d=f(a)). What do you think?

Dave: [pause, 8 secs]. So a equals f of d (a=f(d)) is more equatable to standard function
format where the y-value is equatable yes the y-value equals the function of the x-
value. But if d is the input then there is a problem where different inputs can well
eventually hit the same output if y is the output, so you cannot have the same
output for different inputs otherwise the function does not work or yes, my
function does not work. If we flip it where distance is equal to a function of
altitude (d=f(a)), then I think the same problem is still there where yes the same
altitude will have, for the same altitude will hit different x-values [pause, 3 sec] so
I don’t think a equals f of d (a=f(d)) or d equals f of a (d=f(a)) will work.

Dave provided evidence that a graph that did not satisfy his definition of a function could
not be written as a function notation either. For a=f(d), he said, “if d is the input then there is a

problem” because different inputs could not have the same output. | interpret that he was
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consistent with his definition that a function must satisfy a one-to-one correspondence. For the
case d=f(a), he said, “the same altitude will hit different x-values,” so | interpret that he was
applying the same definition that graphs representing an onto function could not define a
function. | interpret that he related his definition of a function to function notation and said that
neither function notation worked and conceived of function notation at a function notation as
label level.
Situation Task 2: Function Notation as Label across the Pre Interview to the Post Interview
In this section, I include a swing situation task from both the Pre interview and the Post
interview. Dave’s engagement with this task provided evidence of how he conceived of
quantities and how his conception of general function notation (y=f(x)) was separate from his
covariational reasoning.

Swing Situation Task in Pre interview: Covariational Reasoning

I gave Dave a task with the description such that a child had been swinging on a swing
for some time. The graph represented the total distance traveled and the height of the swing (see
Figure 25). He read the situation out loud. | asked him to label the axes and interpret the graph.

Excerpt 22: Dave Pre interview

Dave: So, height hits peaks while x just keeps progressing.

Azeem: Ok, so what does this point mean then?

Dave: That point | would assume so if x is the distance then [pause 8 secs] sorry

Azeem: No, that’s ok.

Dave: Yeah, | guess x should not be continuously increasing as the distance unless it is
collective should stay about the same.

Azeem: So, what is this point representing what is that point, what is this point, like what
is it doing?

Dave: Alright. Well this point should just be starting point maybe the swing is not
swinging.

Azeem: Ok.

Dave: So, then distance equals zero and then y is the height this would be at the top of

the swing and at the bottom | would say they would be at the bottom of the swing.
But as it keeps going say maybe so then 1’d assume it will go to here, this would
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also be at the bottom of the swing, but it will be also some sort of distance
traveled. I might have mislabeled this. So [pause 11 secs]

Azeem: Ok.

Dave: Then I guess just the midpoint over here; actually, | am not quite sure if I can
detach the graph to that situation.

Azeem: Hum. What does not seem to work?

Dave: Um, sorry just | am having trouble attributing an x-value on here to distance

swung but that’s probably just me overthinking it, so yeah at that rate, | guess
distance would be being collected on every swing so then just these points would
just be the varying heights of the swing while x is just increasing collective

distance.
Azeem: Umhum.
Dave: Alright, so | guess under that it makes sense.

Reasoning with quantities. Dave conceived of both distance and height changing
together. He first labeled the vertical axis ‘height’ (see Figure 25 left) and said, “y would equal
height.” Then he said, “x in this case would just equal.” | gave him a hint by asking what the
two things he was looking at were. He said the height and the distance traveled. He also said, “x
should also be negative.” Then he said, “y should equal height, but y should equal maybe equal
forward distance (pointing to vertical axis) and x should equal backwards distance (pointing to
horizontal axis). | interpret that he conceived of distance as forward distance, but he conceived
of the vertical axis representing the forward movement of the swing. By pointing to the
horizontal axis, he conceived of backward distance which represented the backward movement
of the swing. | asked him if he could interpret the total distance and the height just the way it
was. Then he said, “x would just equal the distance swung and y is just the height of the swing.”
Then he said, “height hits peaks while x just keeps progressing.” 1 interpret that he now
conceived of x as the total distance traveled and the height varied as distance increased. Then |
asked him about the low point and the high points of the graph. Later he also said, “l am having
trouble attributing an x-value on here to distance swung....these points would just be the varying

heights of the swing while x is just increasing collective distance,” so | interpret that he was

132



having difficulty relating a graph to the swing situation, but still conceived of both height and

distance changing together where distance increased, and the height varied with it. Dave

engaged in covariational reasoning at a Gross Coordination of Values (Thompson & Carlson,

2017) level because he said that as the distance increased, the height varied with it.
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Figure 25: Dave’s annotation of the swing situation with distance on the horizontal axis (left)
and distance on the vertical axis (right)

Reasoning with quantities with attributes on different axes. | asked Dave to switch

the attributes and interpret the graph. 1 include an excerpt below because he engaged in

covariational reasoning.

Excerpt 23: Dave Pre interview

Azeem:

Dave:

Azeem:

Dave:

Azeem:

Dave:

Ok, now we have the same situation but now | would like you to switch the
attributes. The attributes are now on different axes so what would it look like.
So, in this case x now equals height I still have spelled that wrong and now y is
equal to distance

Ok.

So then at that rate | would assume that x would start all the way over here
(pointed to the starting point of a graph along the horizontal axis) in terms of
height | guess because the swing is 10 feet off the ground.

Ok.

Andy is increasing continuously (moved pen in an upward motion along the
vertical axis) as the collective distance is swung for every high x-value that is a
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peak [wrote peak, see fig.25 right] on the swing as a high point [darkened the max
on graph] and for every value of where it just goes further zero that is well | guess
a low point [darkened low point] on the swing and it is just progressively

increasing.
Azeem: Ok, alright. So, is it any different from the first situation?
Dave: No, not necessarily no.

Dave conceived of height and distance changing together. In this excerpt, | asked Dave
to switch the attributes and interpret the graph. He said, “x now equals height,” and “y is equal to
distance.” He also labeled the axes (see Figure 25 right). He pointed to the starting point of the
graph along the horizontal axis and said, “x would start all the way over here in terms of height |
guess.” Then he moved pen in an upward motion along the horizontal axis and said, “y is
increasing continuously as the collective distance is swung for every high x-value that is a peak.”
He wrote the word peak and darkened the max on the graph to show that height was at its highest
point. He darkened the low point, wrote the word low, and said, “that is, well I guess a low point
on the swing and it is just progressively increasing.” I interpret that he conceived of height
varying from a high point to a low point as distance increased, which provided evidence that he
was engaging in covariational reasoning at a Gross Coordination of Values (Thompson &
Carlson, 2017) level.

Interpretation of notation: Function notation as label. |asked Dave if it was possible
to write the swing situations as h=f(d) or d=f(h). I include an excerpt below because his
conception of function notation included the shape of a graph.

Excerpt 24: Dave Pre interview
Dave: So, for the first one I don’t think it would work for h equals f of d (h=f(d)) or d

equals f of h (d=f(h)) because we have the same problem of multiple inputs
equaling the same output just because y crosses the x-value at multiple points.

Azeem: Ok, but when you have those (pointed to x in y=f(x)and y in x=f(y), see figure 25
left) what happens to those inputs?

Dave: Uh, well if you are putting x in for the input then it would be constantly increasing

Azeem: Ok

134



Dave:

Azeem:

Dave:

Azeem:

Dave:

Azeem:

Dave:

Azeem:

Dave:

Azeem:

Dave:

but at that rate say if over here x is 2 and way over here x is 4 (pointed to two
different points along the horizontal axis), right over here x is 4 then it would still
have the same output (pointed to the maximum).

Ok, and what about the second case?

in the second case, if you input y-value let’s say your y is 4 (pointed to the first
maximum) and your y is still 4 over here (pointed to the other maximum), then it
would equal different x-values because over here (pointed to the horizontal axis) x
might be 2 and you know over here (moved pen along the horizontal axis to the
left of the previous point) x might be 4 but at the same time y equals 4 can
produce different outputs.

Ok. What about the second?

The second one I think would run into similar problems with h for y equaling f of
d for x (wrote y=f(x) see Figure 25 right), then so for every x-value say like |
don’t know between here of maybe 5 over here 7, you have the same problem of
hitting the y-value of like 1 and then 2, and then 4, 5 (moved pen vertically over
the graph) and it would just keep going. So that one does not work because x-
values would be encountering the same y-values repeatedly and if | were to
reverse that with x for distance equaling f of y (wrote x=f(y), see Figure 25 right),
then we have the same problem where something like | say or different y-values
of like 0 and 2 and then 4 (moved pen vertically) would equal the same x-value
(moved pen horizontally and then up) of like 3.

Hum

Yeah so, | am constantly seeing inputs and outputs violating rule of one-to-one |
guess

Do they have to be one to one?

I am not so sure.

You are not too sure.

Yeah, | am not too sure. | remember something like that, but I also remember
there being exceptions for certain things and based on that | mean saying that
most of these are not functions, | am starting to think | got it wrong.

The shape of a graph was intertwined with Dave’s conception of function notation and he

preferred letters x and y when writing a function notation (see Figure 25). | interpret that he

selected x and y because he was used to seeing an x and y in function notation. He said that

neither notation h=f(d) or d=f(h) worked for swing situation (Fig.25 left) because there was, “the

same problem of multiple inputs equaling the same output.” To clarify what he said, | pointed to

x in y=f(x)and y in x=f(y), see figure 25 left) and asked him what would happen if he used x and

y as inputs. He said, “if you are putting x in for the input then it would be constantly increasing.”

I interpret that he conceived of x as a quantity that increased. Then he employed a
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correspondence approach to show that both y=f(x) and x=f(y) did not work for the first graph
(see Figure 25 left). He picked values to show that in the case of y=f(x), where x was the input, 2
different inputs had the same output. He also showed that if y was the input in x=f(y), then the
same input produced 2 different outputs. Then | asked him about the second graph, where
attributes were represented on different axes (fig.25 right). He used numbers to explain that for
function notation y=f(x), “x-values would be encountering the same y-values repeatedly” and that
was a problem. I interpret that he conceived of the variable x representing distance and the
variable y representing height and he meant that different distance inputs (x) could not have the
same height output (y). | interpret that it should be same input x giving different outputs y for
figure 25 right, because in Figure 25 right, x represented height and y represented distance. From
my perspective, he was using variables x and y imprecisely. It was fine with Dave to be what |
saw as imprecise because he attended to the shape of a graph. If a graph violated the one-to-one
property, it was enough to say that function notation did not work.

Dave provided evidence that he used the same definition to interpret function notation
x=f(y). For the notation x=f(y), Dave said that different y-values had the same x-value. He used
numbers again to explain that x=f(y) did not work. Then Dave said, “I am constantly seeing
inputs and outputs violating rule of one-to-one I guess.” When | asked him if they had to be one-
to-one, he said he was not sure. He said, “saying that most of these are not functions, I am
starting to think I got it wrong,” so | interpret that he was skeptical of his application of
definitions of a function.

Because Dave was skeptical of his application of definitions of a function, so to learn
more about how he conceived of onto functions and a possibility of a shift in his reasoning with

function, | asked him to graph a function f(x)=x*. He said, “it started off at x equals zero right
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there and then from there, as it went on, it would just keep increasing and if it was negative then
it would do the same,” while sketching a graph (see Figure 26). | asked him if it was considered
a function. He said, “I recognize it as a function, but | can’t explain it.” He also said, “I think it
is a function just because | have seen it in other cases used as a function.” He also said he was
not sure. | interpret that he remembered that the graph of a function f(x) =x* represented a
function but did not explain why it represented a function. My conjecture was that he might
have reasoned that different x-values had the same y-value or different inputs had the same
output, so this graph represented a function. But, he did not want to say that, because he had
been using this definition to state that a graph did not represent a function. My conjecture was
that he did not want to be wrong. He conceived of a function as one (different) input mapping to
a different output and held this definition of a function to interpret function notations as well.
Dave conceived of function notation at a function notation as label level, where he employed a
correspondence approach and his conception of function notation was intertwined with the shape

of a graph.
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Figure 26: Dave’s sketch of f(x) = x?

Swing Situation in Post interview: Covariational Reasoning

I gave Dave a task with the same description as in the Pre interview, such that a child had

been swinging on a swing for some time. The graph represented the total distance traveled and
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the height of the swing. | asked him to read the situation out loud and interpret the graph. He

annotated the graphs (see Figure 27 left). He labeled the horizontal axis ‘x=total distance’ and

said, “x is the total distance being traveled by the swing.” He labeled the vertical axis ‘y=height’

and said, “y is the height.” 1 include an excerpt below because he provided evidence that he

conceived of distance and height as quantities that changed together.

Excerpt 25: Dave Post interview

Azeem:

Dave:

Azeem:
Dave:

Azeem:
Dave:

Azeem:
Dave:

Azeem:
Dave:

Ok and we have this situation here. Please read it out loud and interpret the
graph.

Given the situation below interpret the graph. Suppose that a child has been
swinging on a swing for some time. Here is a graph representing the total
distance traveled and the height of the swing. Please interpret the graph [reading
out loud].

Umhum.

So, I am going to put the x-axis as, alright so x is the total distance being traveled
by the swing [labeled horizontal axis, ‘x=total distance’] y is the yeah, so y is the
height [labeled vertical axis ‘y=height] and we don’t really have to worry about 0
because the swing is a few feet off the ground apparently.

Umhum.

So as the child travels more or as the child swings more collective distance
(moved pen left to right over the graph), the height increases and then decreases
(traced the first curve with a closed pen), so yeah just as they swing forward and
backward there (moved pen up and down), collected more distance (moved pen
left to right along the horizontal axis) and there (traced entire graph with a closed
pen) the height fluctuates accordingly.

So, what does this point represent (pointed to the first minimum)?

This point (darkened the first minimum) is a low point probably when they were
just about at ground level as they were swinging backwards or forwards.

Ok.

And these peaks (darkened the maximums) are the heights of the swing going
either way forward or backward.

Reasoning with quantities. Dave conceived of distance and height changing together

because he said, “as the child swings more collective distance, the height increases and then

decreases.” He moved his pen left to right along the horizontal axis to show that the distance

increased. He traced the entire graph with a closed pen to show that the height fluctuated. 1

interpret that Dave conceived of both height and distance changing together such that distance
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increased, and the height varied with it, which provided evidence that he engaged in
covariational reasoning at a Gross Coordination of Values (Thompson & Carlson, 2017) level.

Reasoning with quantities with attributes on different axes. When | asked Dave to
switch the attributes and interpret a graph, he annotated the graph (see Figure 27 right). 1 include
an excerpt below because he provided evidence that he engaged in covariational reasoning.

Excerpt 26: Dave Post interview

Azeem: Ok, alright. So, now the same situation now have your axes on different [pointing
to the axes on 2" graph], your attributes are on different axes.
Dave: Well, so now the y-value is the total distance [labeled vertical axis ‘y=total

distance’] and x is the altitude or height [labeled horizontal axis ‘x=height’].

Azeem: Uhum.

Dave: So, because of that the total distance is constantly increasing now along the y-axis
and height is still hitting the same peaks of values as the swing moves forward
and backward along its path and it is constantly moving upward because it is
constantly accumulating distance as it swings forward and backward.

Azeem: Umhum.

Dave: So, yeah same as before.

Dave provided evidence that he conceived of a graph representing the same information
and engaged in covariational reasoning. He labeled the axes and said, “the total distance is
constantly increasing now along the y-axis and height is still hitting the same peaks,” so |
interpret that he still conceived of the same relationship between distance and height when the
axes labels were switched. He moved pen vertically from the origin going up to show that the
distance increased along the vertical axis. He also darkened the peaks to show that the height
attained maximums and minimums. | interpret that he conceived of distance increasing and
height increasing and decreasing based on distance, which provided evidence that he engaged in

covariational reasoning at a Gross Coordination of Values (Thompson & Carlson, 2017) level.
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Figure 27: Dave’s annotation of the swing situation with distance on the horizontal axis (left)
and distance on the vertical axis (right)

Function notation as label. 1asked Dave if it was possible to write the swing situations
as h=f(d) or d=f(h). His work related to function notation is shown in Figure 28. I include an
excerpt below to demonstrate how the shape of a graph impacted his conception of function

notation.

7. Is it possible to write the situations (in 6 above) as h = f(d), d = f(h) ?
h= 'len's 1% 4
0/ s o/i's *an ce

Figure 28: Dave’s work related to function notation in the Post interview

Excerpt 27: Dave Post interview

Azeem: Ok, what about notation? How can we write those [put paper with notation
h=f(d), d=f(h)]?
Dave: Ok height equals f of d (h=f(d)), so I am gonna write h as height and d as distance

and put that down [writing h=height, d =distance]. Ok, so because of that I’ll try
and apply both of those formats to the first one. Let’s see so height is a function
of distance (h=f(d)), well just looking at it again | don’t know if I can write it as
either one because um as you move along the x-axis or distance (moved pen left
to right along the horizontal axis) you’ll hit the same y-value repeatedly (pointed
to peaks) depending on where you are. So, if | were to put that in as h equals f of
d (h=f(d)) then we’d have a problem where multiple inputs can produce the same
output but if I were to flip that where d equals f of h (d=f(h)), then we’d have
another problem where, yeah, if we are using height as an input then there is a
problem where, what is the way to put this, there are multiple heights (pointed to
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peaks) for different x-values still and because of that | don’t think it would work

for either.
Azeem: Ok so you can’t write either one of them (pointing to notations)
Dave: Yeah and | think the same would apply for this (Figure 27 right) because if you

are using d as an input then you hit the same, well the same x-value can hit
multiple different y-values (moved pen from a point on the horizontal axis to the
graph vertically)

Azeem: Ok.

Dave: Yeah, so that means that neither will apply to that (right graph) either.

Dave provided evidence that his reasoning with function notation was intertwined with
the shape of a graph. In this excerpt, Dave mixed words with variables and wrote h = height and
d = distance on the paper (see Figure 28). Dave said that neither function notation h=f(d) or
d=f(h) worked for a graph shown in Figure 27 on the left. In the case of h=f(d) he said, “we’d
have a problem where multiple inputs can produce the same output.” For the case d=f(h), he
said, “if we are using height as an input,” then this was not possible because “there are multiple
heights for different x-values.” From my perspective, multiple heights meant different heights,
but from Dave’s perspective, height as an input had different outputs, which did not define a
function, so d=f(h) did not work. It was fine with Dave to be what | considered imprecise
because he conceived of function notation in conjunction with the shape of a graph. If a graph
did not satisfy a one-to-one property, he decided that neither notation worked without carefully
considering the input and output variables, because his reasoning with function notation was
intertwined with the shape of a graph.

Dave conceived of function notation in conjunction with conceiving of the shape of a
graph. He said that h=f(d) or d=f(h) could not be used to express a graph shown in Figure 27 on
the right either. He said, “using d as an input”, but he did not use d as an input. He moved his
pen from a point on the horizontal axis to the graph vertically (see Figure 27 right) and said, “the
same x-value can hit multiple different y-values.” Then he said, “neither will apply to that (right
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graph) either.” From my perspective, he only showed that d=f(h) did not work and was using h
as an input, but from Dave’s perspective, he showed that both h=f(d) and d=f(h) did not work. |
interpret that what I considered imprecise was fine with him, because he attended to the shape of
a graph. If a graph violated the one-to-one condition, he decided that neither function notation
worked without carefully considering which variable should be used as an input variable and
which variable should be the used as an output variable. This meant that his conception of
function notation was intertwined with the shape of a graph, so he conceived of function notation
at a function notation as label level.

Summary

Dave is a case of a student who conceived of function notation at a function notation as
label and function notation as convention level within the Pre interview and the Post interview.
Within Ferris wheel interviews, he conceived of function notation at a function notation as a
relationship between variables level, where he engaged in quantitative reasoning and
covariational reasoning and also employed a correspondence approach to justify function
notation. Within Ferris wheel interviews, he conceived of the definition of a function such that
different inputs could map to the same output. Across Ferris wheel interviews to the Post
interview, he applied a different definition of a function such that different inputs could not map
to the same output. Within the Pre interview and the Post interview and across the Pre interview
to the Post interview, he did not demonstrate quantitative reasoning, variational reasoning, or
covariational reasoning when conceiving of function notation. Next, I briefly summarize how

Dave’s case answers my research questions.
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How Might Students’ Conceptions of Function Impact Their Conceptions of Function
Notation?

Dave’s conceptions of the definition of a function shifted from the Pre interview to Ferris
wheel interviews and within the Post interview, he shifted back to how he defined it in the Pre
interview. Within the Pre interview and the Post interview and across the Pre interview and the
Post interview, Dave operated with the definition of a function such that it had to satisfy a one-
to-one property (only a different input could map to a different output) and operated with the
same definition to interpret function notation as well. In other words, in the Pre interview and
the Post interview context, to Dave same input mapping to different outputs and different inputs
mapping to the same output did not represent a function. Within Ferris wheel interviews and
across Ferris wheel interviews, Dave operated with a definition of a function (different from the
Pre interview and the Post interview) such that different inputs could map to the same output and
operated with the same definition to interpret function notation as well. In Ferris wheel
interviews 1 and 2, he conceived of an invariant relationship between quantities and then
employed a correspondence approach to justify function notation. In other words, he engaged in
covariational reasoning and employed a correspondence approach to function. | interpret that he
conceived of function notation using Thompson and Carlson’s (2017) definition of function such
that there was an invariant relationship between quantities and one value of a quantity
determined one value of the other quantity. A possible reason for a shift in his conceptions of
function in Ferris wheel interviews was because he engaged in quantitative reasoning and
covariational reasoning. Within Ferris wheel interviews, he also had a different definition of a
function such that different inputs could map to the same output. Across the Pre interview to the
Post interview, he used the same definition of function such that a function satisfied the one-to-
one condition which impacted his function notation. For example, in a swing situation task, his
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reasoning with function notation from my perspective was imprecise, but from his perspective
was just fine. If a graph violated the one-to-one condition, he decided that neither function
notation could be used to express a graph without carefully deciding the input and output
variables. In other words, the shape of a graph was intertwined with his conception of function
notation.

How Might Covariational Reasoning Related to Function Impact Students’ Conceptions of
Function Notation?

Within the Pre interview and across the Pre interview to the Post interview, Dave
engaged in covariational reasoning, but his conception of function notation was separate from his
covariational reasoning. His conception of function notation was intertwined with the shape of a
graph. For example, in a swing situation task, when reasoning with function notation, it was fine
with Dave to be what | saw as imprecise because he attended to the shape of a graph. If a graph
violated a one-to-one definition of a function, he did not carefully consider which variable
should be used as an input or output and concluded that he could not write a function notation
either.

Within Ferris wheel interviews, Dave engaged in covariational reasoning and employed a
correspondence approach which impacted his conception of function notation. He was not only
thinking about how quantities changed together, but also thinking about interchanging the
variables along the axes as long as it satisfied the definition of a function. For example, in the
Ferris wheel tasks when he chose function notation, he conceived of an invariant relationship
between quantities and then employed a correspondence approach to justify function notation. In
other words, he conceived of function notation using Thompson and Carlson’s (2017) definition
of function which states: “A function, covariationally, is a conception of two gquantities varying

simultaneously such that there is an invariant relationship between their values that has the
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property that, in the person’s conception, every value of one quantity determines exactly one
value of the other” (p.444). Thompson and Carlson’s (2017) definition of function is important
and I refer to it as a combination of covariational reasoning and a correspondence approach,
because Dave engaged in quantitative reasoning and covariational reasoning and demonstrated
conceptions of an invariant relationship between quantities. He employed a correspondence
approach to attend to the part that the value of one quantity determined the value of the other
quantity.

How Do Students Conceive of a General Function Notation?

Dave preferred the letters x, y, and f when interpreting function and function notation. If
variables other than x and y were used, he converted different variables to y equals f of x and then
decided how to label the axes. He used variable x along the horizontal axis, variable y along the
vertical axis, and preferred f as the name of a function. One possible reason of why he
converted letters to x, y, and f is because textbooks usually represent a function notation as
y=f(x). Itis a convention (see also Moore, Paoletti, and Musgrave, 2013; Thompson et al., 2014)
to represent the independent variable x in parentheses along the horizontal axis and the
dependent variable y on the other side of an equal sign along the vertical axis.

Across the Pre interview to the Post interview, Dave conceived of function notation at
function notation as label and function notation as convention levels. For example, in the Pre
interview, both shape of a graph and convention of matching axes labels with variables in
function notation were intertwined with his conception of function notation. He considered the
variable along the horizontal axis to have greater values and used that variable to represent the
independent variable in function notation. He also matched the labels of axes with function

notation such that the independent variable within the parentheses was along the horizontal axis
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and the variable on the left-hand side was along the vertical axis. In the Post interview, he did
not provide evidence of matching the label of axes to function notation, but the shape of a graph
alone was intertwined with his conceptions of function notation. To Dave, the variable along the
vertical axis had a higher starting value than the other variable, so the same variable with a
greater starting value had to represent the independent variable in function notation.

Across the Pre interview to the Post interview, Dave conceived of function notation at a
function notation as label level in a task of interpreting a response from a student named Nat
(Pre interview) and a student named Chris (Post interview). In the Pre interview, Dave
expressed function notation to describe all graphs whether they represented a function to him or
not. Whereas, in the Post interview, he used function notation only for graphs that satisfied how
he conceived of a function. Within the Post interview, if the same input had different outputs
and different inputs had the same output, that did not define a function to Dave and he used the
same measure to interpret function notation such that neither function notation could work. A
viable explanation for this shift is his engagement with Ferris wheel tasks that | presented earlier
in this chapter.

Within Ferris wheel interview 1, Dave shifted in his conception of distance from both
distance and height measuring the same thing (length from the ground) to conceiving of distance
increasing and only the height increasing and then decreasing. After a shift in his conception of
distance, he had a shift in his reasoning with function notation within Ferris wheel interviewl
that stayed consistent across Ferris wheel interview 1 to Ferris wheel interview 2. Within Ferris
wheel interviews 1 and 2 and across Ferris wheel interviews 1 and 2, Dave conceived of function
notation at a function notation as a relationship between variables level. In other words, he

conceived of function notation using Thompson and Carlson’s (2017) definition of function,
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which | refer to as a combination of covariational reasoning and a correspondence approach. He
engaged in quantitative reasoning, variational reasoning, and covariational reasoning and
employed a correspondence approach to attend to the part that the value of one quantity

determined the value of the other quantity.
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CHAPTER VII
CASE STUDY OF LISA

In this chapter, | present a case study of Lisa who demonstrated that within the Pre
interview, she first conceived of function notation at function notation as convention level and
then conceived of function notation at function notation as a relationship between variables
level. Within Ferris wheel interview 1, she had difficulty conceiving of function notation.
Within Ferris wheel interview 2, she demonstrated that she first conceived of function notation at
function notation as convention level and then conceived of function notation at function
notation as a relationship between variables level. After she conceived of function notation at a
function notation as a relationship between variables level within Ferris wheel interview 2, her
conception of function notation remained consistent across the Post interview. | provide
evidence to illustrate how her engagement with the Ferris wheel tasks impacted her conception
of function notation.

Lisa was one of the first students I interviewed. Midway through data collection, | met
with my advisor, Dr. Johnson, to discuss how tasks were providing opportunities for me to gather
evidence of students’ conceptions of function notation. Dr. Johnson provided me an idea to have
students respond to others’ claims about a graph (see also Johnson et al., 2018, August). As a
result, we modified a few tasks (see Table 8 in Chapter 4). Because Lisa was one of the first
students I interviewed, she worked on the modified tasks only in the Post interview.

I included a selection of tasks that Lisa worked on during the set of interviews. | selected
nine tasks from the set of interviews. | present three tasks from Ferris wheel interview 1 to show
that her reasoning with quantities and function notation stayed consistent within Ferris wheel

interview 1. | present three tasks from Ferris wheel interview 2 to show how her conceptions of
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graph and quantities impacted her conception of function notation. I include a plane situation
task from the Pre interview and the Post interview. Within the Pre interview plane situation task,
Lisa first conceived of function notation at a function notation as convention level and then
conceived of function notation at a function notation as a relationship between variables level.
Within the Post interview plane situation task, she conceived of function notation at a function
notation as a relationship between variables level. I include one task from tasks involving
functions, graphs, tables, and function rules to show that Lisa conceived of function notation at a
function notation as a relationship between variables level. Because the tables, functions, and
graphs task was one of the tasks | modified, she did not work on this task in the Pre interview. |
include another task from the Post interview to show that Lisa conceived of function notation at a
function notation as a relationship between variables level. Again, this was one of the tasks that
I modified, and as a result Lisa did not work on this task in the Pre interview. | selected these
tasks because they provided strongest evidence of Lisa’s individual forms of reasoning and her
conceptions of function notation. Excerpts are representative of Lisa’s broader work across
tasks. | have merged Wolcott’s (1994) constructs of description, analysis (my interpretation),
and interpretation (connections to literature) in the results. | use the term interpret to refer to
Wolcott’s (1994) analysis and interpretation levels. When | make connections to extant
literature, I move from analysis to interpretation.

I organized this chapter in such a way as to make it easy to see Lisa’s growth in
understanding function and function notation after intervention. The Ferris wheel tasks are
presented in chronological order. The Pre interview and the Post interview tasks are not
presented in chronological order, because | present a task from the Pre interview and then a

similar task from the Post interview. | present Ferris wheel tasks first, and then tasks from the
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Pre interview and the Post interview or just from the Post interview, to provide readers an
opportunity to follow the impact of intervention on Lisa’s reasoning with function and function
notation from the Pre interview to the Post interview.

At the conclusion of this chapter, | present a summary that addresses my research
questions. I include each research question and describe how Lisa’s work answered each of my
research questions. In the Pre interview plane situation task and Ferris wheel interview 2, she
shifted from conceiving of function notation at a function notation as convention level to
conceiving of function notation at a function notation as a relationship between variables level.

Ferris Wheel Interviews

In this section, | present Lisa’s work from Ferris wheel interviews to show how she
progressed in her conception of function and function notation. | present three tasks from Ferris
wheel interview 1 in chronological order to show that Lisa’s conception of distance and height
and her conception of function notation stayed consistent throughout Ferris wheel interview 1.
The first task shows that Lisa’s conception of distance and height stayed consistent within Ferris
wheel interview 1. Within Ferris wheel interview 1, she conceived of distance and height both
increasing up to the top of the Ferris wheel and then decreasing. The second and third tasks show
that Lisa had difficulty conceiving of function notation because she conceived of distance and
height that represented the same thing- a length from the ground. | present three tasks from
Ferris wheel interview 2, in chronological order, to demonstrate changes in Lisa’s conception of
distance and her conception of function notation within Ferris wheel interview 2 and across
Ferris wheel interview 1 to Ferris wheel interview 2. Within Ferris wheel interview 2, she first
conceived of distance and height changing just like in Ferris wheel interview 1, but then shifted

in her conception of distance. After she shifted in her conception of distance within Ferris wheel
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interview 2, she engaged in quantitative reasoning and covariational reasoning and conceived of
function notation at a function notation as a relationship between variables level within Ferris
wheel interview 2 and across Ferris wheel interview 2 to the Post interview.

Ferris Wheel Interview 1

In this section, I include three tasks from Ferris wheel interview 1 in chronological order.
The first task shows that Lisa’s conception of distance and height stayed consistent within Ferris
wheel interview 1. The other two tasks show that her conceptions of distance and height
impacted her conception of function notation and she had difficulty conceiving of function
notation throughout Ferris wheel interview 1.

Ferris wheel Interview 1, task 1: Lisa’s conception of distance and height. Lisa
conceived of distance and height as quantities such that both increased up to the top of the Ferris
wheel and then decreased. 1 first asked Lisa how distance and height changed without the
animation. Then | showed her the animation and asked again how distance and height changed. |
provide an excerpt below to describe what happened after she watched the Ferris wheel
animation. In this excerpt, she demonstrated that she conceived of distance and height as
measuring the same kind of thing — a length from the ground.

Excerpt 28: Lisa Ferris wheel Interview 1 task 1

Azeem: Ok, alright. So, what I would like you to do is to click on animate point over
there.

Lisa: Ah, look at that.

Azeem: So, I’ll ask you the same question again like how is the distance changing?

Lisa: [pause/watching animation]. Ok [still watching animation]

Azeem: So, as you move from the starting point, how is the distance changing around the
circle?

Lisa: So, as you move from the starting point it increases and it seems to increase

[moving cursor counterclockwise up to the max], and then it stays the same here
[moved cursor back from the max to half way from the start] and then it decreases
[cursor on the left side of the max], seems like pi.

Azeem: Humm.
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Lisa:

Azeem:

Lisa;

Azeem:

Lisa;

Azeem:

Lisa;

Azeem:

Lisa;

Azeem:

Lisa:

Azeem:

Lisa:

Azeem:

Lisa:

And then it decreases, decreases distance, distance, until you get to zero till you
are at the ground.

Ok, could you point with your finger like what is happening to the distance?

So, the distance from the ground is increasing [moved finger along the FW start to
the top] so you are getting further and further away from the ground and then you
are getting further until you are at the diameter away [pointing finger at the max]
and then it starts decreasing as you are going back towards the ground [moving
finger from max to the left].

Ok, so then what is the height doing? Height from the ground.

distance. | don’t know I guess | am relating them the same.

Ok.

Distance from the ground as height from the ground.

Ahumm

That’s not the same thing?

[pause]. So, distance is the distance traveled around the Ferris wheel and the
height is the height from the ground.

Oh, ok. So the distance is not changing from the center.

So what is happening to it?

Um your, so the height is

Is it going up, is it. What is happening to it or is it increasing, decreasing?

Ok, so the distance from your seat on the Ferris wheel um in direct relation to the
height. So, the distance from the center of the Ferris wheel is not going to change
but it is going to be in direct relation to the height that your distance from the
ground like from your seat on the Ferris wheel is in direct relation to your height
off the ground.

Lisa talked about distance and height as being “from the ground”. In this excerpt, when |

asked her how the distance changed, she said, “the distance from the ground is increasing.” She

also moved her finger along the Ferris wheel from start to the top. She pointed to the maximum

with her finger and said, “then you are getting further until you are at the diameter away.” She

moved her finger from the top of the Ferris wheel to the left and said, “then it starts decreasing as

you are going back towards the ground.” | interpret that she conceived of distance as distance

from the ground that increased and then decreased. When | asked her about height, she said, “I

guess, |1 am relating them the same.” Because Lisa said, “distance from the ground as height

from the ground” she provided evidence that she conceived of both distance and height as a

length from the ground.
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Ferris wheel Interviewl, task 2: Lisa’s difficulty conceiving of function notation.
After Lisa predicted how distance and height changed, | asked her to graph the relationship
between distance and height. Her sketched graph is shown below (see Figure 29). Then | asked
her about function notation. I include an excerpt below to show that she had difficulty

expressing distance and height as a function notation.

Ty 8 o A ENEY

“'\C‘J ‘{:}/‘f i ce
d{h *
I'{ |
{ =

Figure 29: Lisa’s graph

Excerpt 29: Lisa Ferris wheel Interview 1 task 2

Azeem: Ok, Alright. So, could you express, could you use symbols or letters to write a
rule for this situation?

Lisa: Umm [pause]. | guess | am just confusing the distance with the height like they
seem synonymous to me.

Azeem: Ok.

Lisa: Umm [pause], so distance is a function of (wrote (d( ) =) under her graph.

Lisa provided evidence that she conceived of distance and height as the same thing again
which impacted how she conceived of function notation. She said that distance and height
seemed “synonymous” to her. She only wrote d () =, so | interpret that Lisa was trying to fit d

and h in a function notation. She had difficulty writing a symbol expression, because to her, d
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and h represented the same thing. Lisa said, “distance is a function of”, so I interpret that she
conceived of function notation, but did not write f anywhere in her symbol expression. Lisa’s
conception of distance and height impacted her conception of function notation and she had
difficulty expressing distance and height in a function notation.

Ferris wheel Interviewl, task 3: Lisa’s difficulty conceiving of function notation.
Right after Lisa worked on function notation task, she worked on a task related to dynamic
segments. She first saw each dynamic segment separately and then watched the dynamic
segments together. After watching the dynamic segments together, she said, “it looks like the
distance continues to increase while the height is going back down.” This was the first time Lisa
said that distance continued to increase but then said, “that does not make sense to me though. 1
guess it is because | am confusing the distance and the height.” | interpret that even after
watching the dynamic segments, she did not accept that distance could increase, because what
she watched conflicted with her conception of distance.

Then I asked Lisa about function notation again. In the excerpt below, she provided
evidence that she still conceived of function notation expressing a relationship between distance
and height which meant the same thing to Lisa - a length from the ground.

Excerpt 30: Lisa Ferris wheel Interview 1 task 3

Azeem: Ok, so my next question to you would be again about the notation part. If I ask
you to use symbols or letters to write a rule could you write one?
Lisa: [pause]. But, that does not really work maybe no then it would just keep going up

and up and up and then it would not go down. Umm, | don’t know so 10, 8, 6, 4,
2, 0 [changed the numbers on the x-axis from the middle point to 10, 8,...,0].

Umm.

Azeem: Let me give you another paper [pause] so write on this one.

Lisa: [sketching a graph]

Lisa: So, (whispered distance or height is a function of distance and wrote (h(d)).

Azeem: So, when I say | want you to express it as symbols what | really mean is if you
could write it as h equals f of d (h=f(d)).

Lisa: Oh, ok.

Azeem: How about that? Could we do that?
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Lisa:

Azeem:

Lisa;

Azeem:

Lisa;

[pause] (whispers height is a function of distance and wrote (f(d)=h)).

So I really want to know what you are thinking about it. Is there something
missing or?

Umm. Is there something missing?

Like how are you making sense of the notation?

Ok. So, the further that you get from the ground, so distance from the ground the
higher off the ground you will be. So, as a function of distance as the independent
because as the independent in this one, in this equation or situation then height is
dependent upon how far you are from the ground. So, height would be a function
of or yeah, height would be the dependent on how far you are from the ground as
a function of like.

o-
fd=h

Figure 30: Lisa’s graphical representation

Lisa had difficulty conceiving of function notation h=f(d) because to her, both distance

and height measured the same thing- a length from the ground. When I asked her to write a

function rule, she started changing numbers on her graph (see Figure 29). Then | gave her

another paper and she sketched another graph (see Figure 30). She said, “distance or height is a

function of distance” and wrote h(d). | interpret that it was difficult for Lisa to write height as a

function of distance in symbols. When I asked Lisa if she could “write h equals f of d” (h=f(d)),

then she said, “height is a function of distance” and wrote f(d)=h. I interpret that she preferred to

write function notation as f(d)=h instead of h=f(d). I also interpret that she only wrote function

notation f(d)=h because | asked her to. | wanted to know how she conceived of d and h, so |

asked her what function notation meant to her. She said, “height would be the dependent on how
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far you are from the ground,” so | interpret that there was no shift in her conception of distance
and height, because she conceived of both d and h representing a length from the ground. I
interpret that function notation h=f(d) meant something more than what Musgrave and
Thompson (2014) term idiomatic expression. To Lisa, both d and h represented something and
that was a length from the ground. Lisa provided evidence that her conceptions of distance and
function notation remained consistent within Ferris wheel interview 1.
Ferris Wheel Interview 2
In this section, | present three tasks from Ferris wheel interview 2 in chronological order.
In the first task, Lisa’s conception of distance changed from conceiving of both distance and
height as a length from the ground to conceiving of distance increasing and height increasing up
to a point and then decreasing and she engaged in covariational reasoning. | present a second
task of dynamic trace/dynamic Ferris wheel to provide evidence that Lisa engaged in
covariational reasoning and that impacted her conceptions of graph and her conceptions of
function notation. | present a third task to demonstrate that she shifted in her conception of
function notation from conceiving of function notation at a function notation as convention level
to conceiving of function notation at a function as a relationship between variables level.
Ferris wheel Interview 2, task 1: Lisa’s conception of distance. I include an excerpt
below to provide evidence of a shift in Lisa’s conception of distance. In this excerpt, | also
mention Peter who is a graduate student (see chapter 4). | asked Peter to rephrase a question,
because it looked like he wanted to say something, but he did not say anything.
Excerpt 31: Lisa Ferris wheel interview 2 task 1
Lisa: I don’t know because the last time that | was here | had the same problem. | am
having trouble understanding the distance relative to what, like the distance from

the ground, the distance from the center of the circle, the distance from what
because distance is a measurement of far and height is a measurement of tall.
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Azeem: Peter you might wanna add something to that. So, it’s not the distance from the
ground, it’s just the total distance traveled like what is another way to

Lisa: Oh, the distance along the circumference? [moved her finger along the Ferris
wheel pic]

Azeem: Yes.

Lisa: Oh, okay, that’s like pi.

Azeem: What is it [the distance] doing?

Lisa: Umm

Azeem: Is it decreasing, is it increasing?

Lisa: Distance along the circumference ---- that helps me in my understanding. Ok, so

Azeem: [Handed a new paper]

Lisa: Ok. Man, I am not good at drawing circles (sketching a circle). So, if your car

starts right here, the distance that you are traveling along the circumference is
increasing the further you are going. So, it’s a measurement of length really, I
guess, a lack of a better term so. You are going further and further, further so
even as the height decreases you are still going further. So, you are traveling the
circumference of the circle (tracing along the circumference with her pen, see
Figure 31)

Lisa provided evidence of a shift in her conception of distance and then provided
evidence that she engaged in covariational reasoning. When Lisa said, “like the distance from
the ground, the distance from the center of the circle, the distance from what,” so the shift in her
conception of distance resulted when she was reflecting on her own difficulty. | wanted to
clarify that distance was the total distance traveled and not the distance from the ground. I did
not even finish my sentence and she was making sense for herself. She said, “oh, the distance
along the circumference?” | said, “yes.” This was the first time Lisa was clear on what distance
meant in this situation. Then she sketched a circle and traced along the circumference to show
that the distance increased (see Figure 31). When she said, “You are going further and further,
further so even as the height decreases you are still going further,” I interpret that at this point,
she made a distinction between distance and height, where distance kept increasing and the
height increased and then decreased. She engaged in covariational reasoning at a level called

Gross Coordination of Values (Thompson & Carlson, 2017) because she said that as the height

increased and decreased, distance kept increasing.
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Figure 31: Lisa tracing along the circumference to show that distance increases.

Ferris wheel Interview 2, task 2: Covariational reasoning impacting Lisa’s
conception of graph and function notation. I include an excerpt below that came after what |
described earlier. While I was showing Lisa the dynamic trace and the dynamic Ferris wheel
together, she provided evidence that she engaged in covariational reasoning and provided
evidence of a shift in her conception of what a graph represented.

Excerpt 32: Lisa Ferris wheel Interview 2 task 2

Azeem: Ok. So, if we compare this to what you graphed before, do you want to make
changes to what you have or.

Lisa: Um (pause), well see (pause 22 secs)

Azeem: So, if you compared your graph (pointed to her sketched graph) to that graph
(pointed to the dynamic trace), what do you notice?

Lisa: That it is one line; there is not two linear functions, it is one line and they can
relate.

Azeem: So, you want to make changes or (Lisa started sketching the axes) yes just do
another one (graph)

Lisa: Ok (sketching the coordinate plane and labeling axes). This is a weird thing for
me (sketched a graph, see Figure 32)

Lisa: Ok, so (labeled the vertical axis ‘y’).

Azeem: So, can you explain what is going on

Lisa: Ok, so this is independent variable [underlined label ‘y* with her pen], so this

would be function of height equals (wrote f(h)=and labeled the horizontal axis
‘X”). So, you are going (put a mark at the max), so (putting ticks along the
horizontal axis and writing numbers and putting ticks along the vertical axis and
put 50 at the top of the vertical axis). So, this forces me to think differently. Ok,
so this, you are going up and up and up along the distance traveled (putting ticks
over a graph), because your distance traveled is increasing no matter what
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Azeem:

Lisa:

because you are going around the circumference of the Ferris wheel and then your
height off the ground will increase (put dots along her graph). This is crazy
because | have not been taught this way before. So, your height off the ground is
increasing along that x-axis (putting dots along the increasing curve and moved
her pen along with the dots) and then when you reach the top of the Ferris wheel
(darkened the maximum with her pen) and my numbers are wrong but (whispered
this needs to be fixed) and then you are going back down (moving her pen along
the decreasing part of her graph) along the x-axis, because you are going closer to
the ground so you are less feet off the ground.

So as far as the quantities distance and height go, are they changing any
differently than we had at the first task last week? (darkened the h in f(h)= she
had written before)

Umm, No. Last week, | was relating height and distance as equal they meant the
same thing, but I was not understanding it. I think it was just my
misunderstanding was of what the distance was meaning, so last week | am sure it
meant the same thing, but I just was not understanding it the same way.

Figure 32: Lisa’s sketch of a graph after watching the animated trace

Lisa provided evidence that she shifted in her conception of what a graph represented

after watching a dynamic trace. The dynamic trace did not work until she was conceiving of

distance and height in ways consistent with what the animation was representing. | asked Lisa to

compare her sketched graph to the dynamic trace. She said, “it’s not two linear functions. It is

one line and they can relate,” so I interpret that she conceived of a single “line” representing two
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quantities changing together. Because Lisa said that “one line can relate” both distance and
height, | interpret that she conceived of a graph as what Thompson and Carlson (2017) called a
multiplicative object.

Lisa provided more evidence that she conceived of both distance and height as quantities
that changed together. She sketched a graph (see Figure 32) to further explain what the trace
meant. She put numbers along the axes to demonstrate that she conceived of distance and height
as possible to measure. She moved her pen along different parts of a graph to show that distance
increased, and height increased and then decreased. | interpret that she engaged in covariational
reasoning at a level called Gross Coordination of Values (Thompson & Carlson, 2017), because
she conceived of distance and height as quantities that changed together such that as the distance
increased, the height increased and decreased.

Lisa provided evidence that to conceive of function notation, she was beginning to shift
from function notation as convention level. | did not ask her about function notation, but she
wrote f(h)= while she was labeling axes of her sketched graph (see Figure 32). When she
underlined the label ‘y’ along the vertical axis and said, “this is independent variable, so this
would be function of height equals,” I interpret that Lisa provided evidence that she was
beginning to shift her conception that the horizontal axis always represented the independent
variable. Because Lisa did not write a complete function notation, I interpret that she did not just
want to switch d an h in function notation. Later, when | asked her if distance and height
changed differently than what she had last week, she said that it may have “meant the same
thing”, but she misunderstood it last week. At the same time, she darkened the h in f(h)=, which
meant that she conceived of function notation, and my conjecture was that she was not sure if she

could put d in a function notation yet. Lisa also said, “this forces me to think differently,” so my
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interpretation is that she was beginning to conceive of function notation at a function notation as
a relationship between variables level.

Ferris wheel Interview 2, task 3: Function notation as convention to function
notation as a relationship between variables. In this task, Lisa provided evidence that she first
conceived of function notation by associating numbers and conceived of function notation at a
function notation as convention level. Later, she conceived of function notation at a function
notation as a relationship between variables level.

Lisa associating numbers and conceiving of function notation as convention to
interpret h=f(d). In the excerpt given below, Lisa provided evidence that she could translate

h=f(d) into words and associated numbers to interpret h=f(d).
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Figure 33: Lisa’s work related to function notation

Excerpt 33: Lisa Ferris wheel Interview 2 task 3

Azeem: Now, I’ll ask you to write a letter or a symbol for this relationship between
distance and height.
Lisa: (wrote f(h)=and wrote the word “distance’ and wrote (y) below the word

‘distance’). | don’t know how to relate them symbolically or algebraically
speaking, | don’t know how to relate them.

Azeem: Ok. How about h equals f of d (h=f(d))? Write here (handed a new sheet of
paper) h equal f of d (h=f(d)).

Lisa: (wrote h=f(d)).

Azeem: What does that mean h equals f of d (h=f(d))?
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Lisa: Height off the ground equals the function of the distance traveled around the
circumference.

Azeem: Ok.

Lisa: Is that true though? That does not seem true.

Azeem: Why it doesn’t seem true?

Lisa: Because height off the ground equals a function of the distance. Well, yes it does.
Azeem: Why?

Lisa: From this same thing (looking at Figure 33), so the height off the ground if you

are able to determine you are 11ft off the ground here, then you can determine
you traveled either 10ft around circumference or 20 feet around the
circumference. 1 mean I don’t know the numbers.

Azeem: Yes, ok.

Lisa: So, say you are 11ft off the ground and you have traveled 20ft around the
circumference and then you came over here and you are 11 feet off the ground
then you can determine. Then you can also say you have traveled 30ft around the
circumference.

Azeem: So, then we can say, or we cannot say.

Lisa: You can say that. | just do not know how.

Azeem: You can’t say what? Would you explain what you can say?

Lisa: You can say that you can determine your height off the ground (started writing a

statement above h=f(d)). But I don’t know how to say it algebraically. | guess
that is it (pointed to h=f(d) in figure 34].
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Figure 34: Lisa expressing h=f(d) in words

Lisa provided evidence of translating symbols (see Figure 34) to words and also provided
evidence that she associated numbers to interpret function notation h=f(d). I conjectured that she
conceived of function notation at a function notation as convention level. When | asked her what
h=f(d) meant, she explained in words that distance equaled the function of distance, but she also
said, “that does not seem true.” My conjecture was that she might be conceiving of h=f(d) where
the variable d did not match with the variable h along the horizontal axis, so she said that h=f(d)

was not true. When | asked her to explain why h=f(d) was not true, she showed with numbers
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(see Figure 33) that given the same height, she could determine two different distances. My
conjecture was that she might be letting h as an input and d as an output without using the words
input and output, but I did not have enough evidence at this point. So, | conjecture that she
conceived of function notation at a function notation as convention level. Lisa also said that she
did not know how to relate distance and height “algebraically,” so I interpret that she wanted to
see a formula. She wrote a statement (see Figure 34) to show that she could translate function
notation h=f(d) to words and also demonstrated that it was difficult for her to interpret a
functional relationship between d and h and she wanted to see a formula instead of h=f(d).

Lisa associating numbers and conceiving of function notation d=f(h) as convention.
The excerpt given below came right after what | presented above. In the excerpt below, Lisa
provided evidence that she conceived of function notation d=f(h) at a function notation as
convention level. She also associated numbers and provided evidence that it was difficult for her
to decide if she could say d=f(h) “algebraically” just like she said in the previous excerpt.

Excerpt 34: Lisa Ferris wheel Interview 2 task 3

Azeem: Ok, alright. So, what if | asked you d equals f of h (d=f(h)).

Lisa: Silent.

Azeem: Just write d equals f of h (d=f(h)) and explain it to me what that means to you. |
mean can we say that, we cannot say that, explain it.

Lisa: (Wrote d=f(h)). (looking at her sketched graph (sketch after watching trace)).
Yes, you can say both.

Azeem: So, again maybe write down like with the picture show me what that means. Just
do a picture over here and then try to explain.

Lisa: Ok. [drew a circle next to d=f(h)]. So further you go around the circumference

(putting marks along the circumference of a circle), so say you have traveled 5
feet around the circumference of the Ferris wheel, you can say that you are, |
don’t know 6 feet or however many feet off the ground. So, you can say, because
you have traveled 11 feet along the circumference of the Ferris wheel, you are x
amount of feet off of the ground, because if you had traveled O feet along the
circumference of the Ferris wheel, you would be 0 ft off the ground. So, if you
had traveled 6 feet along the circumference of the Ferris wheel, then you can say
that you are x amount of feet off ground. If you had traveled x amount of distance
around the circumference then you could say that you are x feet off ground. You
could even I just don’t know how to express it algebraically correctly. So, then
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you could say that you traveled over here (put x to the right side of max) x amount
of feet around the circumference of the circle, you are x amount of feet off the
ground. Yes, so you can say both, I think. I believe, it’s making sense to me to
say both. | just don’t know how to say it algebraically unless that’s exactly it
(pointing to d=f(h)).

Figure 35: Lisa exploring relationships between d and h

Lisa provided evidence that she conceived of function notation d=f(h) at a function
notation as convention level. She wrote d=f(h) and looked at her sketched graph (see Figure 32),
so | interpret that she matched the horizontal axis label h to variable h in d=f(h), because it is a
convention to express the independent variable in function notation along the horizontal axis.
When I asked her to explain, Lisa showed with numbers and letters (see Figure 35) that if she
knew the height, she could determine two different distances without using the words inputs or
outputs, so my conjecture was that she might be conceiving of h as an input giving two outputs d,
but 1 did not have enough evidence at this point. Just like in the previous excerpt, she again said
that she did not know how to relate distance and height “algebraically,” so I interpret that she

wanted to see a formula. Lisa demonstrated that she conceived of function notation d=f(h) at a
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function notation as convention level and wrote d=f(h). It was difficult for her to interpret
relationships between d and h and she wanted to see a formula again instead of function notation
d=f(h).

Lisa beginning to relate definition of a function (inputs/outputs) to d=f(h). In the
excerpt below that came after what | presented above, Lisa provided evidence that she conceived
of a graph failing the vertical line test and conceived of inputs/outputs, but it was not clear what
h meant to Lisa when reasoning with function notation d=f(h).

Excerpt 35: Lisa Ferris wheel Interview 2 task 3

Azeem: So, you are saying if you know the distance, or if you know the height you can
also (pause) know the distance.

Lisa: What is confusing me is, because you are going to have two heights that are the
same. You are not going to have two distances that are the same. Does that make
sense.

Azeem: Umhumm.

Lisa: Like your distances are all going to be different (put a circle around her sketched

circle) That’s a linear thing, it’s all (while sketching the circle around her
sketched graph) and then your heights, you are going to have two heights that are
the same because it’s a circle.

Azeem: Then could we express it like that d equals f of h (d=f(h))?

Lisa: (Silent).

Azeem: So, what does f mean?

Lisa: As a function of.

Azeem: So, can we say that then?

Lisa: Umm (whispered distance as a function of). No, not the way that it is written

because there are two heights. Numerically speaking, if you were to plug it in to
the variable, to the symbol that is representing set number, it can be represented
twice and so. | know the vertical line test thing but that is where it would fail it,
because it is running in to the, you cannot have two outputs (pointing to h in
d=f(h))

Lisa provided evidence that she was beginning to relate a function to function notation
and was beginning to use the words inputs/outputs when reasoning with d=f(h). First, she said
that she could not say d=f(h), “because there are two heights,” so my conjecture was that she was
beginning to conceive of inputs and outputs. Then she said that, “it would fail the vertical line

test”, so I interpret that she conceived of a graph. Then she pointed to h in d=f(h) and said, “you
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cannot have two outputs”, so | interpret that she was trying to justify that a graph would fail the
vertical line test. My conjecture was that she was trying to relate the graph, the vertical line test,
and inputs/outputs. She provided evidence that she was trying to relate different conceptions of
function and it was difficult for her to interpret d=f(h). Because it was not clear how she
conceived of h in d=f(h), I investigated further as given in the next excerpt.

Lisa conceiving of d=f(h) as a relationship between variables. In the excerpt below that
came right after the excerpt | presented above, | asked Lisa about h in d=f(h). Because she
pointed to h in d=f(h) when she said “you cannot have two outputs” in the previous excerpt, so |
wanted to learn more about how Lisa conceived of inputs and outputs in function notation. She
provided evidence of what h meant. She also provided evidence of a shift in her conception of

function notation d=f(h) from saying that she could say d=f(h) to saying that she could not write

d=f(h).

Excerpt 36: Lisa Ferris wheel Interview 2 task 3

Azeem: But is h your output?

Lisa: Well, no [shaking her head as a no]. No, on this one (pointing to h in d=f(h)) it is

your input, but I mean, if you put in then you would have two outputs; distance
will be your output (wrote d below d=f(h)). So, if you had height here 6 feet, then
you would have distance traveled 4 feet (wrote = 4 next to d below d=f(h)) and
then if you put same input 6 feet, you would have to say 20 feet or whatever
however many feet. So, you would have to have a different output here (drew an
arrow pointing to d) and you will have two outputs (wrote ‘2’ above the arrow,
see Figure 35) for the same input (underlined 4 ft), because of height.

Azeem: Oh, ok.

Lisa: Because the distance only, the distance continues because you are continuing to
go further and further around, so you are going to have two outputs for the same
height, because it is a circle.

Azeem: Hum, uhumm.

Lisa: So, maybe you cannot say that d equals f of h (d=f(h)).

Lisa clarified to me what h meant and later provided evidence that she conceived of
function notation d=f(h) at a function notation as a relationship between variables level. |

interpret that she employed a correspondence approach because she used numbers to show that
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same height had two different distances. When | asked Lisa if h was the output, she pointed to h
in d=f(h) again and said, “no.” When Lisa said, “the distance continues because you are
continuing to go further and further around, so you are going to have two outputs for the same
height”, I interpret that Lisa engaged in quantitative reasoning and employed a correspondence
approach. After engaging in quantitative reasoning and employing a correspondence approach,
she provided evidence of a shift in her reasoning with function notation d=f(h) from saying that
she could say d=f(h) to saying that she could not write d=f(h).

Lisa conceiving of h=f(d) and d=f(h) as a relationship between variables. In the excerpt
below that came right after the excerpt | presented above, Lisa conceived of function notations
h=f(d) and d=f(h) at a function notation as a relationship between variables level.

Excerpt 37: Lisa Ferris wheel Interview 2 task 3

Lisa: So, the h one (looking for the other paper)

Azeem: So, you want to go back to the other one.

Lisa: The h one.

Azeem: So, the h one you said earlier, so you want to look at that (handed her the paper
with h=f(d))

Lisa: Oh, yeah that’s the one. This you could say, because you are not gonna have
[umm]well maybe

Azeem: (Handed another paper)

Lisa: Let’s see.

Azeem: And you also said that there right (pointed to paper with h=f(d)). You said you
can determine the height when you know the distance.

Lisa: Uh, well, you can determine it, but it’s like you are gonna have two of these

heights (put 2 before h in h=f(d)) they are gonna be the same. No, this is the other
one [looking at h=f(d)]

Azeem: If you want to explore that a little bit right here you can write here [pointed to the
blank sheet of paper].

Lisa: Ok. Uhh. (wrote what’s given in Figure 36)

Lisa: So, the distance increases while the height will decrease because you are going

back around or the further along you go. So, I don’t know they seem different to
me because if you put the distance around then you can put. This one is correct
(pointing to f(d)=h). This one is not (pointing to d=f(h)).
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Figure 36: Lisa’s work related to function notation h=f(d)

Lisa provided evidence that she engaged in covariational reasoning and employed a
correspondence approach when interpreting function notations h=f(d) and d=f(h). She said, “the
distance increases while the height will decrease because you are going back around,” so |
interpret that she engaged in covariational reasoning at a level called Gross Coordination of
Values (Thompson & Carlson, 2017). She pointed to f(d)=h in Figure 36 and said that f(d)=h
was the correct function notation. She also pointed to d=f(h) and said that d=f(h) was not
correct. | interpret that she employed a correspondence approach because she substituted
numbers to show that one input had one output and two inputs had one output which satisfied the
definition of a function (see Figure 36). So, Lisa conceived of function notation at a function
notation as a relationship between variables level and said that she could only write h=f(d),
because h=f(d) represented a functional relationship between d and h.

Situation Tasks: Function Notation as Convention to a Relationship between Variables
from the Pre Interview to the Post Interview

In this section, | present two tasks to show how Lisa conceived of function and function
notation. | present a plane situation task to show that within the Pre interview, Lisa first
conceived of function notation at a function notation as convention level and then conceived of
function notation at a function notation as a relationship between variables level. Within the

Post interview plane situation task she conceived of function notation at a function notation as a
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relationship between variables level. In the second task, she also provided evidence that she
conceived of function notation at a function notation as a relationship between variables level.
She worked on the second task only in the Post interview because it was one of the modified
tasks. Lisa’s engagement with these tasks provides evidence of how she conceived of quantities
and how her quantitative reasoning and covariational reasoning impacted her conception of
general function notation (y=f(x)).

Plane Situation in Pre interview: Covariational Reasoning

I gave Lisa a plane situation task such that as the plane covered distance along the
ground, its altitude changed. When | asked her to interpret a graph, she drew on it (see Figure
37, left). She labeled the horizontal axis x and wrote “distance along the ground” below the
horizontal axis (see Figure 37 left). She labeled the vertical axis y and wrote “altitude” along the
vertical axis (see Figure 37 left). In the excerpt below, Lisa provided evidence that she engaged

in covariational reasoning.

AT iy

Figure 37: Lisa’s annotation of the situation with distance on the horizontal axis (left) and
distance on the vertical axis (right)

Excerpt 38: Lisa Pre interview
Lisa: Ok [labeled the horizontal axis x and wrote distance along the ground, labeled y
along the vertical and wrote altitude]. So, what this graph is saying to me is this
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IS, its altitude is increasing [drew a line along the graph that showed increase in
altitude [see Figure 37, left] as its distance along the ground [drew tick marks
along the x-axis] as it is essentially taking off [the plane], and this it would be in
the air [sketched a line along the horizontal portion of Figure 37 left] and this
would be when it lands [drew an arrow pointing towards the x-axis showing
decrease in altitude, see Figure 37 left]. That’s what this graph says to me
because then it is distance along the ground is decreasing at these intervals, at this
interval [to the right of the horizontal part] and increasing at this interval [left part
up to where it is horizontal] as it takes off. And then this [drew a line above the
horizontal part, Figure 37 left] it’s going to in theory, remain at the same altitude
while it is in flight depending on the turbulence or what not, birds perhaps.

Reasoning with quantities. Lisa provided evidence that she conceived of distance and
altitude as quantities that changed together. She drew tick marks along the horizontal axis and
drew arrows along different parts of a graph (see Figure 37 left) to show that she conceived of
distance and altitude as possible to measure. She said that “as it’s distance along the ground,”
the altitude increased, remained the same, and then decreased. | interpret that she engaged in
covariational reasoning at a Gross Coordination of Values (Thompson & Carlson, 2017) level
because she said that as distance increased, the altitude increased, stayed the same, and then
decreased.

Reasoning with quantities with attributes on different axes: Quantitative reasoning
and covariational reasoning. Then | asked Lisa to have the same attributes represented on
different axes. | asked her to interpret a graph and she drew on it (see Figure 37 right). In the
excerpt below, Lisa demonstrated that she conceived of a graph (see Figure 37 right)
representing the same relationship between distance and altitude. She also demonstrated that she

engaged in covariational reasoning.

Excerpt 39: Lisa Pre interview

Lisa: [Pause]. It’s making me view functions differently that’s for sure. Well, it’s
weird because if you turn it this way [turned the paper with Figure 37 right
counterclockwise], it does not fail the vertical line test [moved her pen over the
graph vertically], but if you turn it this way [Figure 37 right and moving the pen
over the graph vertically] it does. But, then what’s weird is that essentially what
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the graph is doing it’s describing a relationship between two different bits of
information and it is describing the same amount of information. It is describing
the exact same information really. It’s just a different perspective. So,
algebraically speaking how would you handle this? But, that would be my thought
process in that.

Azeem: But, if you were to explain what was going on between distance and altitude,
could you explain that relationship like you did in the previous case.
Lisa: Yes, it just would look a little bit different. So, | would measure it probably

differently, but it would be the same numbers. So, maybe this is on the flight
back [darkens the starting point or the origin in Figure 37, right, then went to the
top showing an increase in altitude]. It is taking off from I don’t know San Diego.
So, then you are going and the distance off the ground, the altitude is increasing,
then you are in flight and then you are descending. But, because you have to
interpret the graph from left to right, so if you are interpreting these from left to
right, this is decreasing [started from the top point up to the horizontal part] and
then this is increasing [drew an arrow going from Figure 37, right origin up to the
horizontal part]. It’s the same information really.

Lisa provided evidence of a shift in her reasoning with function such that the vertical axis
could represent the independent variable and conceived of a graph (see Figure 37 right)
describing the same information. She said that turning a graph shown in Figure 37 on the right
counterclockwise passed the vertical line test and she also said, “it is describing the exact same
information,” so | interpret that she engaged in quantitative reasoning and demonstrated
flexibility in her reasoning that the vertical axis could also represent the independent variable.

Lisa provided evidence that she conceived of distance and altitude as quantities that
changed together. She drew arrows to show that she conceived of distance and altitude as
guantities. She also said, “then you are going and the distance off the ground, the altitude is
increasing, then you are in flight and then you are descending,” so | interpret that she engaged in
covariational reasoning at a Gross Coordination of Values (Thompson & Carlson, 2017) level.

Function notation as convention to a relationship between variables. | asked Lisa

about function notation right after she provided evidence that she conceived of distance and

altitude as quantities that changed together. In the excerpt below, she provided evidence that to
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her, function notation h=f(d) meant more than just letters. She provided evidence of a shift in

her conception of function notation d=f(h) from function notation as convention level to function

notation as a relationship between variables level.

Excerpt 40: Lisa Pre interview

Azeem:

Lisa;

Azeem:
Lisa;

Azeem:
Lisa;

Azeem:
Lisa:

Azeem:
Lisa;

Azeem:

Lisa:
Azeem:
Lisa:

Okay, Alright. So, now I will ask you this question: Is it possible to express these
two situations in either both of those notations (pointed to h=f(d), d=f(h) written
on a paper), or one, or not at all.

Both of these notations or not at all. So, height versus distance so [labeled axes].
So, height off the ground [pause, 9 secs] this would be height is a function of
distance, [wrote h=f(d) under Figure 37 left]. This would be distance is a function
of height [wrote d=f(h) under Figure 37 shown on the right]. But, this is super
confusing to me because it is the same information and it is not a function if you
turn it that way [pointed Figure 37 right with her pen], because there are multiple
outputs but it’s also, it’s so weird. It’s blowing my mind right now.

Ok, so what does the variable h mean in here?

Height or whatever altitude you are at. Well, and if you are describing this in like
a life situation in terms of plane taking off in DIA, it also deals with space time,
because you can have the same exact distance but at a different time and you can
have the same altitude but at different times so it’s describing a relationship that I
don’t even think mathematically | know how to do yet. So, basically what it is
saying is when you know what your altitude is you know what your distance off
the ground is going to be.

So, do you think it’s possible?

Not in this instance, | don’t think so [pointing to d=f(h) she wrote under fig.37
shown on the right]

So, can we express it like d=f(h)?

Well, no. No, I don’t think so. No. It’s (d=f(h)) the only one that makes sense in
terms of the letters.

Do the letters matter? Could they be anything or?

They matter in terms of what they represent in terms of numbers. They matter in
terms of symbols, but they don’t matter in terms of what letter they are. It just
matters in terms of like. To me relating it to information requires knowing
language and this is unfamiliar, so it takes me a second so no. In the long run it
doesn’t. You can put whatever symbol there to represent a number.

So, you said first graph can be represented as height as a function of distance
(h=f(d)) Why?

The distance off the ground is going to tell you what altitude you are.

So, can Fig.37 left be expressed like d equals f of h (d=f(h)) or cannot?

It’s just so confusing to me. Well, yes [moved Fig. 37 right counterclockwise, so
it looks like Fig.37 left. Then changed the axes labels Fig 37 right, wrote
‘dependent’ along the vertical axis and labeled the horizontal axis ‘independent’].
So, if that’s the dependent then it is a function of h. So, if that’s the dependent
then it is a function of h [wrote down d=f(h) by the side, Fig.37 right] Itis a
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Azeem:
Lisa;

Azeem:

Lisa:

matter of turning it sideways. It can be, because your distance along the ground
like the same here [now pointing to Fig.1], like your distance along the ground
like that’s you are gonna be driving. Your altitude is determined by your distance
along the ground. So, [now pointing to Fig.37 right], your altitude is determined
by the distance along the ground. It’s just weird because it is distance and you
can have the same distances, so it has to be a function of time.

Why do you think it has to be a function of time?

I mean for altitude, you are going to be at the same altitude like if you are talking
linear [put 2 marks along a graph, fig. 37 right] it is going to be linear, you are
going to be the same altitude but it is going to be at two different times and it is
going to be the same here [pointed to fig.37 left] but like this is how it is showing
up for me in my brain. So, it seems that because d is the dependent as distance as
a function of height, your altitude, or your distance along the ground like that is
the dependent of your altitude, or your altitude is a dependent upon that. Let’s
see, | think so that’s where | am getting confused. So, the altitude is the
dependent [wrote ‘dependent’ along the vertical axis, fig 37 left] so these [crossed
the word ‘dependent” along the vertical axis, Fig.37 right and wrote
‘independent’. Then crossed out the word ‘independent’ and wrote ‘dependent’
along the horizontal axis, Fig 37 right. Then wrote ‘independent’ along the
horizontal axis, Fig.37 left]

So, now can you briefly talk to me what you just did? [gave a highlighter] so
mark it or something.

Ok, so your distance along the ground [highlighted the words ‘distance along the
ground’ along the vertical axis, fig.37 right] is the independent variable
[highlighted the word “independent’ along the vertical axis, see fig.37 right], so
that information is going to be what it is no matter what. The altitude [highlighted
the word “altitude’ along the horizontal axis, Fig.37 right] is dependent upon your
distance along the ground, so that’s why I changed it to the dependent
[highlighting the word “dependent” along horizontal axis, Fig.37 right], because
your altitude will change depending on where you are along the ground.

Lisa’s Interpretation of function notation h=f(d). Lisa provided evidence that function

notation h=f(d) meant more than letters to her. She first stated that Figure 37 left could be

written as “height is a function of distance” and then wrote h=f(d). Later in the interview, |

asked her why she chose h=f(d) for figure 37 left. She said that distance determined the altitude.

Because Lisa said that distance determined the altitude, | interpret that she explained what

symbols meant to her in words.

Lisa’s conception of function notation d=f(h) from convention to a relationship

between variables. Lisa provided evidence that she conceived of function notation at a function
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notation as convention level. Lisa first wrote d=f(h) under Figure 37 shown on the right and
then said that she could not write d=f(h), “because there are multiple outputs” and she also said,
“ its (d=f(h)) is the only one that makes sense in term of letters,” so | interpret that she followed
convention of matching the variable within the parentheses in function notation (h) to the
variable along the horizontal axis (h), and that’s why she said that d=f(h) was not possible
because h as an input had two outputs. In other words, she conceived of function notation at a
function notation as convention level.

Lisa provided evidence of a shift from function notation as convention level to function
notation as a relationship between variables level. When | asked her if figure 37 on the left
could be written as d=f(h), she said that it was confusing. She said, “it is a matter of turning it
sideways” and then pointed to both graphs and said, “your altitude is determined by the distance
along the ground.” I interpret that she conceived of both graphs representing the same
information, because she pointed to both graphs and said that distance determined the altitude.
She crossed out old labels and wrote new labels (see Fig 37 left and right) and when | asked her
what she did, she highlighted words along the axes and said, “your distance along the ground is
the independent variable so that information is going to be what it is no matter what.” | interpret
that she changed labels of axes and then highlighted new ones to show that distance was the
independent variable in both graphs just represented on different axes. Because of what Lisa
said and because she highlighted the words “distance along the ground” and “independent” along
the vertical axis (see figure 37 on the right), Lisa engaged in quantitative reasoning and had
opportunities to break convention (Moore et al., 2013; Moore et al., 2014) such that quantity

representing the independent variable should always be on the horizontal axis. Lisa provided
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evidence of a shift in her conception of function that independent variable could be represented
along the vertical axis.

Lisa did not explicitly write figure 37 on the right as h=f(d) in symbols, however, she
provided evidence of what function notation h=f(d) meant to her in words. Looking
retrospectively on the data, | should have asked Lisa if she could write a graph shown in Figure
37 on the right as h=f(d) to have a stronger evidence. After highlighting the labels, Lisa said,
“your altitude will change depending on where you are along the ground,” so | interpret that with
this statement, Lisa provided evidence that she conceived of both graphs representing altitude as
a function of distance. Therefore, Lisa conceived of function notation at a function notation as a
relationship between variables level.

Plane Situation in Post interview: Covariational Reasoning

I gave Lisa a plane situation task such that as the plane covered the distance along the
ground, its altitude changed. This was the same task that Lisa worked on in the Pre interview. |
asked her to label the axes and interpret a graph. She drew on a graph (see Fig.38 left). I include

an excerpt below because she provided evidence of engaging in covariational reasoning.
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Figure 38: Lisa’s annotation of the plane situation with distance on the horizontal axis (left) and
distance on the vertical axis (right)

Excerpt 41: Lisa Post interview
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Lisa: Okay, so as the plane covers the distance along the ground, its altitude changes so
it is starting at O feet off the ground it looks like and then it is going up. So, it is
moving forward is what is happening, distance along the ground (drew tick marks
and wrote numbers along the horizontal axis). So, this is the altitude that’s
increasing right here (drew ticks along the vertical axis). Um, it is actually kind
of an incorrect statement because you are not going along the ground when you
are up in the air. So, you are having one input (put dots over different parts of a
graph). Because you have one input as distance along the ground, you are going
to have two different outputs. Because when you are—you land in it does not tell
you, in San Diego, then you are going to decrease your altitude (drew arrow along
the decreasing part of a graph and wrote “Altitude’) but you are going to be a
completely different area, so you are going to have a completely different input.

Azeem: So, like in terms of the plane and the distance along the ground, and the height or
the altitude, from here to here (pointed to the increasing part of graph), what’s
happening?

Lisa: It’s taking off (wrote ‘taking off”). So, it’s increasing in altitude (drew an arrow

along the increasing part of the graph), has to get up in the air, it is flying to San
Diego in a high (drew a horizontal line under the horizontal part of the graph), and
then they get to a specific point, where they are like, oh we got to land, and then
SO you decrease.

Lisa conceived of distance and altitude as quantities that changed together. She first
labeled the horizontal axis as “distance along the ground” and the vertical axis as “altitude”.
Then she put numbers on the horizontal axis starting from 0 and going all the way up to 13. |
interpret that by putting numbers along the horizontal axis, she showed that she conceived of
distance as possible to measure. She said, “as the plane covers the distance along the ground, its
altitude changes.” I interpret that Lisa’s reasoning was consistent with a level of covariation
framework offered by Thompson and Carlson (2017) called Gross Coordination of Values
because she said that as distance increased, the altitude increased, leveled off, and then
decreased.

Reasoning with quantities on different axes. Next, | asked Lisa to have the same
attributes on different axes and again she drew on the graph (see Figure 38 right). In the excerpt

below, Lisa provided evidence that she conceived of label of axes related to quantities describing

them.
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Excerpt 42: Lisa Post interview

Azeem:

Lisa;

Lisa;

Azeem:

Lisa:

Azeem:

Lisa;

Azeem:

So, if you have the same attributes but on different axes what would you say?
This is what happened before. So, if it is put along the y-axis [ labeled the vertical
axis ‘y” Altitude and labeled the horizontal axis ‘x’ and wrote distance along the
ground] So, if you keep the axes the same it does not work, because it is not
describing the distance along the ground.

Ok

No, so | did not want you to change them. | didn’t say that it has to be on
different axes now.

Ok. [ wrote “x” over label y along the vertical axis, drew arrows to show altitude
should be on the horizontal axis and distance along the ground should be on the
vertical axis. Wrote ‘y’ over label x along the horizontal axis]. So, if this is the x-
axis. So, this

And also notice that, so you are changing the labels right

yes.

So, you are also changing the yes, this is now the altitude and that is the distance.
So, you change that with a different marker if you want to rewrite it (referring to
the words altitude and distance)

Lisa provided evidence that she conceived of the variable and the quantity representing

the independent variable to be represented along the vertical axis. When Lisa said, “if you keep

the axes the same it does not work, because it is not describing the distance along the ground,” |

thought that when | said, “same attributes but on different axes,” Lisa interpreted my statement

as if she could not represent distance along the ground on the vertical axis. That is why I said, “I

did not want you to change them. | didn’t say that it has to be on different axes now.” Lisa then

interpreted what she wanted to interpret. She denoted the vertical axis by letter ‘x” and the

horizontal axis by letter ‘y’. She also drew arrows to show that distance should be along the

vertical axis and altitude should be along the horizontal axis, so | interpret that she shifted from

following convention that the independent variable and the quantity representing it are always

along the horizontal axis to a shift that the horizontal axis could represent the dependent variable

and the quantity representing the dependent variable.
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Variational and covariational reasoning. Right after Lisa labeled her axes, | asked her
how distance and height changed. In the excerpt below, Lisa provided evidence that she engaged
in variational reasoning and covariational reasoning.

Excerpt 43: Lisa Post interview

Azeem: So, what is happening to distance now?

Lisa: So, now you are flying back.

Azeem: No, just the distance. What is happening to the distance?

Lisa: It is increasing.

Azeem: So, what is happening to the altitude?

Lisa: It’s increasing, staying the same and then decreasing.

Azeem: Okay.

Lisa: You are going back but you can’t go negative feet because you are traveling so

say you are flying back. You have to take off the plane or the plane has to take
off and then you are in the air and then you are landing back at DIA. So, your
distance has decreased. That won’t ever decrease because you can’t go negative
feet. But your altitude can equal zero and your distance traveled can only equal
zero when you first take off because after that. That’s why it will continue to
travel up and this would flip back from like this (pointed to Figure 38 left).

Lisa provided evidence of variational reasoning. When | asked Lisa how distance
changed, she said that distance increased. When | asked her about altitude, she said, “it’s
increasing, staying the same and then decreasing.” | interpret that she engaged in variational
reasoning because she talked about distance first, then altitude. Her reasoning was consistent
with a lower level of variation framework offered by Thompson and Carlson (2017) called gross
variation, because she said that distance increased and then altitude increased, leveled off, and
then decreased independently.

Lisa demonstrated that she conceived of distance and altitude as quantities that changed
together. She said, “you are in the air and then you are landing back at DIA. So, your distance

has decreased. That won’t ever decrease because you can’t go negative feet.” 1 interpret that she

engaged in covariational reasoning at a level called Gross Coordination of Values (Thompson &
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Carlson, 2017) because she said that as the plane took off, stayed “in the air”, and landed
(changes in altitude), then the distance continued to increase.

Function notation as a relationship between variables. | asked Lisa if it was possible
to express both graphs as a=f(d) or d=f(a) (see figure 38 left and right). She mixed variables and
function notation when interpreting function notation (see Figure 39). | include an excerpt below
to provide evidence that Lisa engaged in covariational reasoning and employed a correspondence
approach to interpret function notation.

5. Isit possible to write the situations (in 4 above)as a = f(d), d = f{a) 7

akitvele = (distanes)
alhtver =€ (distanca)

Figure 39: Variables mean more than letters to Lisa

Excerpt 44: Lisa Post interview

Azeem: Is it possible to write those situations as a equals f of d (a=f(d)), or d equals f of a
(d=f(a))?

Lisa: Um this one, altitude is a function of distance [writes altitude= f(distance), see Fig
39]

Lisa: Um, altitude is a function of distance, yes, because you can put exactly one

distance, you are just like I said you cannot go negative distance so you are
continuing to accumulate feet further and further you go, so altitude can
absolutely be written as a function of distance [wrote altitude =f(distance) again,
see fig. 39]. If you have gone 2300 ft., like you can probably find the altitude in
which you are or whatever. Um, Distance as a function of altitude [wrote
f(altitude)=distance, see fig.39]. No, especially if you are talking about-if your
altitude is right here, and so you have a continued constant right here, you cannot
determine from this number how far you have traveled based on the altitude. As a
function of altitude, you would not be able to determine your distance.

Azeem: Reason why?

Lisa: Because if you put in let’s say you were 4000ft or 40000 ft., I don’t know how far
they travel, but if you put in 40,000 ft., you would not be able to determine your
distance based on 40,000ft. The fact that you were 40,000 ft. in the air will not
tell you the distance. It would give you different numbers because you are
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traveling along but you have traveled 40,000ft, you are still 40,000 ft. It’s the
same number that will determine the different outputs. It just wouldn’t make any
sense. It does not make any sense.

Azeem: Is it for both situations or like which ones were you talking about right here? Like
for situation a or situation b?

Lisa: For as a function of altitude, you could determine the distance along the ground.

Azeem: In both cases.

Lisa: No. Well I don’t (shook her head as a no). | mean your distance along the ground

will tell you what your altitude is, because if you are 2300ft in the air or | mean
along the ground, then it’s going to tell you where you are even if you left San
Diego and your distance before leaving was 1600 because that’s how far it is to
San Diego, then it would tell how far you are off the ground you could be or
altitude wise you could be 40,000ft in the air determining if you have traveled
2300 miles, you should be 40,000 ft. in the air.

Lisa first interpreted function notations a=f(d) and d=f(a) by engaging in covariational
reasoning and then employed a correspondence approach to justify them. She wrote altitude
=f(distance), (see fig.39) and said, “um altitude is a function of distance, yes, because you can
put exactly one distance....you are continuing to accumulate feet further and further you go,” 1
interpret that she conceived of distance and height as quantities and she meant that one distance
input could give one output. She wrote f(altitude)=distance (see fig.39) and said, “Um, Distance
as a function of altitude. No.” She further stated, “you cannot determine from this number how
far you have traveled based on the altitude. As a function of altitude, you would not be able to
determine your distance.” | was not sure why she said it was not possible to write distance equals
function of altitude, so | asked her why. Then she said, “The fact that you were 40,000 ft. in the
air will not tell you the distance... It’s the same number that will determine the different
outputs,” I interpret that Lisa meant that one altitude input (40,000 ft) could give different
distance outputs which was not consistent with the definition of function (same input cannot
have different outputs) and therefore distance as a function of altitude (d=f(a)) was not possible.

To Lisa, function notation h=f(d) was something more than what Musgrave and Thompson

(2014) term idiomatic expression. For Lisa, function notation expressed a relationship between
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two quantities such that the distance determined the altitude, so she conceived of function
notation at a function notation as a relationship between variables level.

Lisa did not explicitly write which graph (one or both) could be written as a=f(d),
however, she provided evidence of what function notation a=f(d) meant to her. Earlier in the
Post interview (see Excerpt 42), Lisa provided evidence that an independent variable could be
along the vertical axis and in this excerpt, she engaged in covariational reasoning and employed
a correspondence approach to show that a=f(d) worked, so combining the two forms of
reasoning, | can say that Lisa conceived of both graphs expressed as a=f(d).

Task from the Post Interview: Function Notation as a Relationship between Variables

To learn more about how Lisa conceived of a function notation, | asked her to interpret a
response from a student named Chris, who said that a graph given below which Lisa annotated
(see Figure 40) could be written as both a=f(d) and d=f(a). This is one of the modified tasks that
Lisa worked on only in the Post interview, so | could not compare her reasoning from the Pre
interview to the Post interview. However, in the excerpt below, she provided clear evidence that

a graph (see Figure 40) could only be expressed as a=f(d).
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Figure 40: Lisa providing evidence of employing a correspondence approach
Excerpt 45: Lisa Post interview
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Azeem: Okay, alright. So here Chris said that for the first situation, it could be written as
both a equals f of d (a=f(d)) and d equals f of a (d=f(a)). So, what would you
say?

Lisa: I don’t know. It’s like the same as what the other guy said but umm, because if
you put one output for distance [drew ticks along the axes and wrote numbers],
you will have two different instances where the altitude is 1 or 100 or 1000
whatever. It does not make sense because you are trying to determine your
distance along the ground like the altitude of it. So, timing wise, if you are like
10,000 miles along the ground or far wise, then you should be able to say they are
landing in San Diego their altitude is one, but that is the same output. So, if you
put in you will get two different outputs for that altitude [substituted numbers in
f(a)=d]. 1don’t know. So, if you put in as a function of altitude, the distance
along the ground you are going to get two different y-values.

Azeem: So, what did you say for the other one? (pointed to a=f(d))

Lisa: So, when you put in as a function of distance, you are only going to get one y-
value.
Azeem: Okay, so you are saying which one is okay then?
Lisa: The distance.
Azeem: So, can’t say that (pointed to d=f(a)).
Lisa: No, because of this (pointed to Figure 40)

Lisa provided evidence that she conceived of function notations a=f(d) and d=f(a) at a
function notation as a relationship between variables level, because she conceived of distance
and height as quantities and then employed a correspondence approach. She put numbers along
the horizontal axis and the vertical axis. With numbers, Lisa demonstrated that she conceived of
distance and height as possible to measure. In other words, she conceived of distance and height
as quantities. Then she substituted numbers in function notation f(a)=d (see Figure 40) and said,
“if you put in as a function of altitude, the distance along the ground you are going to get two
different y-values,” so | interpret that she employed a correspondence approach to show that a
graph could not be expressed as f(a)=d. When | asked her about function notation a=f(d), she
said, “when you put in as a function of distance, you are only going to get one y-value,” so |
interpret that she employed a correspondence approach again to show that function notation

a=f(d) worked. Lisa conceived of function notation at a function notation as a relationship
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between variables level, where she engaged in quantitative reasoning and then employed a
correspondence approach.

Function and Notation in Tasks Involving Functions, Graphs, Tables, and Function Rules

In this section, | present another modified task from the Post interview where Lisa
interpreted a response from another student regarding general function notation (y=f(x)) for a
linear graph. Lisa worked on this task only in the Post interview because she did not work on
modified versions in other interviews (see Table 8, Chapter 4). In this task, Lisa engaged in
guantitative reasoning and conceived of function notation at a function notation as a relationship
between variables level.

Task from the Post interview: Function notation as a relationship between variables.
To learn more about how Lisa conceived of function notation, | asked her to interpret a response
from another student named Max who said that both m=s(r) and r=s(m) could be used to
describe a linear graph. | gave her a graph which she drew on (see Figure 41). | include an
excerpt below to provide evidence that for a linear graph, Lisa conceived of function notation at
a function notation as a relationship between variables level. She also provided evidence that
she conceived of function notation at a function notation as convention level for graphs

representing onto functions.

Max said that both m = s(r) and r = s({m) can be used to describe the following graph. Why
that made sense to that person? What do you think?

m=sr)  =5(m)
; (¥,
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Figure 41: Lisa’s annotation of the linear graph

183



Excerpt 46: Lisa Post interview

Azeem:

Lisa;

Azeem:

Lisa;

Azeem:

Lisa;

Ok. So, somebody, a student named Max said that you could express this graph
[see. Fig.41] as both m equals s of r (m=s(r)) and r equals s of m (r=s(m)). Why
do you think that made sense to that person and what do you think about it?
Because it’s true.

Why?

Because it is a function. If it wasn’t a function, | don’t think that would be true
but if you, so m equals s of r (wrote m=s(r)) so if r is your input, and you are
going to putin 1, 2, 3, 4, 5 (sketching a graph) and you are going to get a specific
output matching these like 3 and a half, you are going to get a specific number.
And, then the same goes here. So, r equals as a function of m (wrote r=s(m)), so
if you are going to put in a specific number for m (put a dot under m in r=s(m)),
you are going to get a specific output (put a dot under r in r=s(m)) along the r-
axis. That’s why he said that. Um so, it makes complete sense to me. If it wasn’t
a function, if it was this or that [pointing to graphs 2 and 4], these would be
incorrect. But they are not. That is a correct statement | believe because if you put
m as a number so if you are matching let’s say 5 (wrote x-coordinate 5), you are
going to get this specific 5 (wrote y-coordinate 5) number along the r-axis as well
and then so any number you pick on this line (moved her pen along the vertical
axis), you are going to be able to determine what the r-axis is. Any number that
you pick along the r-axis (pointed to r in m=s(r) she had written) like just say you
pick -3 or 3, you are gonna be able to determine along the y or the m axis (moved
her pen along the vertical axis) what that number is. That’s why that is a true
statement.

So that is true in both cases?

Yeah.

Lisa provided evidence that she could think flexibly about function notation for a linear

graph because she conceived of the graph representing a function. She used numbers to explain

that letting any value of m as an input gave an output and letting r be any input value also gave

one output, therefore, to her both function notations could describe a linear graph. In other

words, either axis could represent the independent variable. She also moved her pen along the

vertical axis and then pointed to the variable in function notation, which | take as evidence that

Lisa conceived of r and m as quantities. | interpret that she engaged in quantitative reasoning

and conceived of function notations m=s(r) and r=s(m) at a function notation as a relationship

between variables level.

184



Lisa demonstrated that for a graph representing an onto function, she conceived of
function notation at a function notation as convention level. She pointed to graphs 2 and 4 from
the previous task (four set of graphs task) and said, “if it wasn’t a function, if it was this or that,
these would be incorrect.” | interpret that she conceived of a graph representing an onto function
such that the horizontal axis represented the independent variable, and therefore, she could not
interchange the variables in function notation either. In other words, she provided evidence that
for a graph representing an onto function, she followed the convention such that the horizontal
axis represented the independent variable.

Summary

Lisa provided evidence that she engaged in variational reasoning, quantitative reasoning,
and covariational reasoning. Within the Pre interview, she first conceived of function notation at
a function notation as convention level and then conceived of function notation at a function
notation as a relationship between variables level. Within Ferris wheel interview 1, she
conceived of distance and height measuring the same thing-a length from the ground, which
impacted her conception of function notation. She demonstrated that she conceived of function
notation at a function notation as a relationship between variables level within Ferris wheel
interview 2 and the Post interview. Next, | briefly summarize how Lisa’s case answers my
research questions.

How Might Students’ Conceptions of Function Impact Their Conceptions of Function

Notation?
Lisa’s conceptions of function remained consistent across the Pre interview to the Post

interview. She conceived of a function as every input mapping to an output. She was consistent
throughout the tasks in the Pre interview, Ferris wheel tasks, and the Post interview, that same

input could not map to different outputs, but different inputs could map to the same output.
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Within the Pre interview, Lisa demonstrated a shift in her conception of function notation
from function notation as convention level to conceiving of function notation at a function
notation as a relationship between variables level. For example, in a plane situation task, she
demonstrated that she could think flexibly about graphs such that quantity representing the
independent variable could be represented by either the horizontal axis or the vertical axis.

Within Ferris wheel interview 2 and across Ferris wheel interview 2 to the Post interview,
Lisa conceived of function notation at a function notation as a relationship between variables
level. She conceived of function notation using Thompson and Carlson’s (2017) definition of
function, which | refer to as a combination of quantitative reasoning and covariational reasoning
and a correspondence approach. In other words, Lisa engaged in quantitative reasoning and
covariational reasoning and demonstrated conceptions of an invariant relationship between
quantities. She employed a correspondence approach to attend to the other part of the definition
that the value of one quantity determined the value of the other quantity.

How Might Covariational Reasoning Related to Function Impact Students’ Conceptions of
Function Notation?

Lisa engaged in covariational reasoning in the Pre interview and provided evidence of a
shift in her conception of function notation from function notation as convention level to
conceiving of function notation at a function notation as a relationship between variables level.
Within Ferris wheel interview 2, Lisa had a shift in her conception of distance from distance
increasing and decreasing to increasing. After that shift, she provided evidence that she engaged
in covariational reasoning throughout Ferris wheel interview 2 and across Ferris wheel interview
2 to the Post interview. Within and across Ferris wheel interview 2 to the Post interview, she

conceived of function notation at a function notation as a relationship between variables level.
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How Do Students Conceive of a General Function Notation?

Lisa had some preferences regarding function notation. She always wrote f(a)=d or f(d)
=a and mostly said function of altitude equals the distance across tasks, except when | said the
other way like a equals f of d (a=f(d)). She also mixed words and function notation to show that
both variables a and d meant more than letters to her. In other words, she provided evidence that
function notation was more than what Musgrave and Thompson (2014) termed idiomatic
expression.

Within the Pre interview plane situation task, Lisa first conceived of function notation at
a function notation as convention level. Later, she provided evidence that she engaged in
quantitative reasoning and covariational reasoning. In this task, Lisa did not clearly state if a
graph shown in Figure 10 on the right could be expressed as h=f(d), however, engaging in
guantitative reasoning and covariational reasoning, she demonstrated that she conceived of an
invariant relationship between quantities. So, she conceived of function notation at a function
notation as a relationship between variables level.

In Ferris wheel interview 1, Lisa conceived of both distance and height as the same thing-
a length from the ground and had difficulty conceiving of function notation. Within Ferris wheel
interview 2, she had a shift in her conception of distance from distance increasing and decreasing
to increasing. After that shift, she provided evidence that she engaged in covariational reasoning
throughout Ferris wheel interview 2 and across Ferris wheel interview 2 to the Post interview,
which impacted her conception of function notation. Lisa conceived of function notation at a
function notation as a relationship between variables level within Ferris wheel interview 2 and
modified tasks in the Post interview. For example, in the Post interview, | asked her to interpret

a response from a student named Chris, who said that a graph (see Figure 13) could be written as
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both a=f(d) and d=f(a). She clearly stated that a graph could only be expressed as a=f(d),
because she conceived of function notation at a function notation as a relationship between
variables level.

Within Ferris wheel interview 2 and across Ferris wheel interview 2 to the Post interview,
Lisa conceived of function notation at a function notation as a relationship between variables
level. Using Thompson and Carlson’s (2017) definition of function, Lisa engaged in quantitative
reasoning and covariational reasoning and demonstrated conceptions of an invariant relationship
between quantities. She employed a correspondence approach to attend to the other part of the

definition that the value of one quantity determined the value of the other quantity.
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CHAPTER VIII
CROSS CASE ANALYSIS

In this chapter, | summarize Jack, Dave, and Lisa’s reasoning and conceptions of function
and function notation within and across interviews and also discuss contrasts across cases within
and across interviews. Next, | present each research question and summarize how each case
answers my research question as well as address similarities and differences in students’
reasoning across cases.
Students’ Reasoning and Conceptions of Function Notation Within Interviews

In this section, | elaborate on similarities and contrasts in students’ reasoning and
conceptions of function and function notation within the Pre interview, within Ferris wheel
interview 1, within Ferris wheel interview 2 and within the Post interview.

Similarities across cases within the Pre interview. Within the Pre interview situation
tasks, all three students provided evidence that they engaged in covariational reasoning at a
Gross Coordination of Values (Thompson & Carlson, 2017) level. Jack, Dave, and Lisa
conceived of function notation at a function notation as convention level in different tasks. For
example, in a statement task, Jack engaged in covariational reasoning at Gross Coordination of
Values (Thompson & Carlson, 2017) level and conceived of function notation as convention
because he matched the variables in function notation to label the axes of his graph. He labeled
the horizontal axis with the same variable that was given in parentheses in function notation and
labeled the vertical axis with the variable that was on the other side of an equal sign. Similarly, in
a graphs and rules task, he conceived of function notation at a function notation as convention
level because he selected function notation based on the labels of axes. Lisa engaged in

quantitative reasoning and covariational reasoning at Gross Coordination of Values (Thompson
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& Carlson, 2017) level and first conceived of function notation as convention in the plane
situation task. Dave also conceived of function notation at a function notation as convention
level in a task of interpreting a response from a student named Sam regarding function notations
for a linear graph.

Both Jack and Lisa had the same conception of function that one input could not have
multiple outputs and multiple inputs could map to the same output. In a plane situation task,
both Jack and Lisa provided evidence that they first conceived of function notation at a function
notation as convention level and then shifted to function notation as a relationship between
variables level.

Contrasts across cases within the Pre interview. There were contrasts across all three
cases. Dave’s conception of function was different than Jack and Lisa. To Dave, only one-to-
one graphs represented a function. For example, in a task of interpreting a response from Nat
regarding function notation for the plane situation, he conceived of function notation at a
function notation as label level. Dave’s conception of the definition of function impacted his
conception of function notation, because he used function notation for graphs that represented
functions or did not represent functions to him. Similarly, in contrast to Jack and Lisa who only
provided evidence of conceiving of function notation as convention and function notation as a
relationship between variables levels, Dave demonstrated that he conceived of function notation
at a function notation as label and function notation as convention level in another task of
interpreting a response from a student named Sam regarding function notations for a linear
graph.

Within the Pre interview situation tasks, both Jack and Lisa conceived of function

notation at a function notation as a relationship between variables level, yet there were some
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differences. Jack not only engaged in covariational reasoning, but also employed a
correspondence approach to interpret function notation that remained consistent across Ferris
wheel interview 1 to Ferris wheel interview 2. He also stated that a graph with attributes
represented on different axes (see Fig. 9 on the right) could also be represented as h=f(d). On the
other hand, Lisa did not explicitly state if a graph with attributes represented on different axes
could be expressed as h=f(d). A possible reason for that is that | did not ask her if she could
write a graph shown in Figure 9 on the right as h=f(d). If | had asked her, | could have gathered
stronger evidence regarding her reasoning with h=f(d) for a graph shown in Figure 9 on the right.
In contrast to Jack and Lisa, in a swing situation task, Dave conceived of function notation at a
function notation as label level because both shape of a graph and his conception of function
impacted his conception of function notation. In addition, Dave demonstrated that he engaged in
covariational reasoning at a Gross Coordination of Values (Thompson & Carlson, 2017), yet his
conception of function notation was separate from his covariational reasoning.

Similarities across cases Within Ferris wheel interview 1. Both Dave and Lisa
conceived of distance and height measuring the same thing- a length from the ground. Both
Dave and Lisa’s initial conception of distance as a length from a ground can be explained by
what Bell and Janvier (1981) term situational distraction. Bell and Janvier (1981) explained that
situational distractions occur when the student’s experience of the situation interferes with
his/her ability to attend to the meanings of the features of the graphs. I interpret that both Dave
and Lisa experienced a situational distraction because they conceived of the Ferris wheel as a
circle and to them both distance and height increased and then decreased. In particular, Lisa
provided evidence that she interpreted her sketched graph as a representation of both distance

and height increasing up to a point and then both distance and height decreasing.
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Within Ferris wheel interview 1, in a modified task, both Jack and Dave conceived of
function notation at a function notation as a relationship between variables level, where Jack
engaged in quantitative reasoning and variational reasoning and Dave engaged in covariational
reasoning.

Contrasts across cases Within Ferris wheel interview 1. Lisa’s case contrasts with
Dave and Jack because she provided evidence that it was difficult for her to interpret function
notation because she conceived of distance and height measuring the same thing- a length from
the ground. On the other hand, Jack and Dave conceived of function notation as a relationship
between variables. Dave shifted in his conception of distance first and then provided evidence of
engaging in covariational reasoning and conceived of function notation at a function notation as
a relationship between variables level.

Similarities across cases Within Ferris wheel interview 2. Jack, Dave, and Lisa
conceived of function notation at a function notation as a relationship between variables level
and engaged in different forms of reasoning. Both Jack and Lisa engaged in quantitative
reasoning and covariational reasoning, and Dave engaged in variational reasoning, covariational
reasoning and quantitative reasoning in different tasks within Ferris wheel interview 2.

Contrasts across cases Within Ferris wheel interview 2. There were contrasts in the
cases of Dave and Lisa. Dave conceived of function notation at a function notation as a
relationship between variables level throughout Ferris wheel interview 2. However, Lisa shifted
in her conception of distance which impacted her conception of function notation. She had
formed strong conceptions of distance and height that were difficult to change. Within Ferris
wheel interview 2, she reflected on her own activity and as a result shifted in her conception of

distance. A possible reason for adopting that distance was the total distance traveled and that the
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distance increased was because it was difficult for her to express the relationship between
distance and height in a graph and function notation with her current conception. Within Ferris
wheel interview 2, | learned more about how she conceived of symbols in h=f(d). She first
wanted to see a formula when interpreting function notations h=f(d) and d=f(h). Lisa’s initial
interpretation was consistent with what other researchers found: that students can think a
function must be defined by a single algebraic formula (e.g., Breidenbach et al., 1992; Carlson,
1998; Clement, 2001; Even, 1990; Even 1993; Sierpinska, 1992). Later, Lisa provided evidence
that she engaged in covariational reasoning and employed a correspondence approach to interpret
function notations h=f(d) and d=f(h), so she conceived of function notation at a function notation
as a relationship between variables level.

Similarities across cases Within the Post interview. In a plane situation task, both Jack
and Lisa conceived of function as one input mapping to one output and different inputs mapping
to the same output. In the plane situation task, both Jack and Lisa conceived of function notation
at a function notation as a relationship between variables level where Lisa engaged in
covariational reasoning and employed a correspondence approach and Jack engaged in
quantitative reasoning and employed a correspondence approach.

Contrasts across cases Within the Post interview. Within the Post interview, in
contrast to Dave and Lisa, Jack was the only student who shifted from conceiving of function
notation as convention to function notation as a relationship between variables in a graphs and
rules task. For graph 4 Jack provided evidence of a shift in his conception of function notation.
He checked two function notations, but nothing more than that based on what he said in this
particular task. Comparing his work in this task to his conception of function and function

notation within situation tasks and the Ferris wheel tasks with attributes switched, | can say that
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he conceived of function notation at a function notation as a relationship between variables
level. Jack’s shift demonstrates the possibilities when students move beyond convention
following, consistent with the recommendations of Moore and colleagues (Moore et al., 2013;
Moore et al., 2014; Moore et al., in press).

There were contrasts among Dave’s and Lisa’s conceptions of function and function
notation. Dave conceived of function notation at a function notation as label level throughout
the Post interview, whereas Lisa conceived of function notation at a function notation as a
relationship between variables level throughout the Post interview. For example, in a task of
interpreting a response from a student named Max regarding function notations for a linear
graph, Dave conceived of function notation at a function notation as label level because the
shape of a graph was intertwined with his conception of function notation. On the other hand,
Lisa worked on the same task and conceived of function notation at a function notation as a
relationship between variables level. Lisa also demonstrated that she engaged in quantitative
reasoning and employed a correspondence approach, whereas Dave only attended to the shape of
a graph. In asituation task, there were differences in Dave’s and Lisa’s conceptions of function
notation because they had different conceptions of function. Dave conceived of function such
that different inputs could not map to the same output, whereas Lisa conceived of function such
that different inputs could map to the same output. Within situation tasks, Lisa conceived of
function notation at a function notation as a relationship between variables level where she
engaged in covariational reasoning and employed a correspondence approach. However, Dave’s
conception of function notation was separate from his covariational reasoning, and he conceived
of function notation at a function notation as label level where his conception of function and the

shape of a graph impacted his conception of function notation.
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Students’ Reasoning and Conceptions of Function Notation Across Interviews

In this section, | elaborate on similarities and contrasts in students’ reasoning and
conceptions of function and function notation across the Pre interview to the Post interview and
from Ferris wheel interviews to the Post interview.

Similarities across cases from the Pre interview to the Post interview. In a plane
situation task, both Jack and Lisa conceived of function notation at a function notation as a
relationship between variables level from the Pre interview to the Post interview.

Contrasts across cases from the Pre interview to the Post interview. Dave’s case
contrasts with Jack and Lisa because Dave’s conception of function was different from Jack and
Lisa. Both Jack and Lisa conceived of the definition of a function such that different inputs
could map to the same output and same input could not have different outputs, whereas Dave
only operated with the definition such that different inputs could not map to the same output. In
other words, Dave conceived of a function satisfying a one-to-one characteristic.

In a graphs and rules task, Jack was the only student who provided evidence of a shift in
his conception of function notation from conceiving of function notation as convention to
conceiving of function notation at a function notation as a relationship between variables level.
In the Pre interview, he selected function notation based on convention following so that
function notation variables matched with the labels of a graph such that the variable on the left-
hand side of an equal sign should be the dependent variable and the variable on the right-hand
side within the parentheses should be the independent variable. But, in the Post interview, he
checked both notations, for example, s=h(t) and t=h(s). Based on his previous work in situation

tasks within the Pre interview and Ferris wheel tasks with attributes represented on different
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axes, | can say that within this task, he conceived of quantities that satisfied his conception of
function such that one input could map to one output or 2 inputs could map to the same output.

Similarities across cases from Ferris wheel interviews to the Post interview. Within
Ferris wheel interview 2, all three students conceived of function notation at a function notation
as a relationship between variables level, where they provided evidence of engaging in
guantitative reasoning and covariational reasoning at a Gross Coordination of Values (Thompson
& Carlson, 2017) level and employed a correspondence approach. Both Jack and Lisa’s
conception of function notation remained consistent across Ferris wheel interview 2 to the Post
interview.

Contrasts across cases from Ferris wheel interviews to the Post interview. Dave’s
conception of function notation contrasted with Jack and Lisa from Ferris wheel interviews to the
Post interview. Both Jack and Lisa conceived of function notation at a function notation as a
relationship between variables level, whereas, Dave went back to how he conceived of function
notation in the Pre interview. Dave conceived of function notation at a function notation as label
level because he drew on the shape of a graph. As I explained before that he was operating with
different definitions of a function within Ferris wheel interviews than the Pre interview and the
Post interview, so that could be the reason why a shift within Ferris wheel interviews did not stay
consistent all the way to the Post interview. In Ferris wheel interviews, he operated with the
definition of a function such that different inputs could map to the same output. Whereas, in the
Post interview, he conceived of a function satisfying a one-to-one condition which also impacted
his function notation. Dave’s conception that a graph must satisfy a one-to-one property was

consistent with findings from other researchers such as Dubinsky and Harel (1992) and Dreyfus
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and Vinner (1982) who stated that students conceived of univalence as equivalent to satisfying a
one-to-one property.

In a swing situation task, the shape of a graph was intertwined with Dave’s conception of
function notation as | explained earlier in this section. My findings are similar to what Bell and
Janvier (1981), Carlson (1998), and Moore and Thompson (2015) found that students often
reason about graphs based on physical characteristics such as the shape of a graph, but the only
difference is that Dave demonstrated that he extended the shape of a graph to his reasoning with
function notation.

Research Questions Cross Case Analysis
In this section, I describe how my cases answered each of my research questions. |
describe similarities across all three cases and then across two cases. Then | contrast across
cases where | highlight unique aspects of each individual.

How Might Students’ Conceptions of Function Impact Their Conceptions of Function
Notation?

Similarities across cases. Within Ferris wheel interviews, all three students conceived
of function notation at a function notation as a relationship between variables level because they
had the same conception of function. Using Thompson and Carlson’s (2017) definition of a
function such that there was an invariant relationship between quantities and the value of a
quantity determined the value of the other quantity, students engaging in quantitative reasoning
and covariational reasoning demonstrated that they conceived of an invariant relationship
between quantities and employing a correspondence approach, they attended to the part that the
value of one quantity determined the value of the other quantity.

Both Jack and Lisa operated with the same definition of a function such that same input

could not map to different outputs, but different inputs could map to the same output across all
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interviews, whereas, Dave operated with different definitions in the Pre interview and the Post
interview context. Dave’s definition of a function matched with Jack and Lisa’s definition of a
function, but only in the Ferris wheel context.

Contrast across cases. Jack, Dave, and Lisa conceived of function notation at a function
notation as a relationship between variables level, but in different interviews. Jack engaged in
variational reasoning, quantitative reasoning, and covariational reasoning and employed a
correspondence approach to interpret function notation across all interviews. Dave conceived of
an invariant relationship between quantities and then employed a correspondence approach to
justify function notation within and across Ferris wheel interviews 1 and 2. Lisa provided strong
evidence that she conceived of function notation by engaging in quantitative reasoning and
covariational reasoning and employing a correspondence approach to function within Ferris
wheel interview 2 and across Ferris wheel interview 2 to the Post interview.

How Might Covariational Reasoning Related to Function Impact Students’ Conceptions of
Function Notation?

Similarities across cases. Within Ferris wheel interviews, all three students were
consistent in their conception of function and they conceived of function notation at a function
notation as a relationship between variables level. They engaged in variational reasoning,
guantitative reasoning, and covariational reasoning and employed a correspondence approach to
function.

Contrast across cases. Jack, Dave, and Lisa engaged in different forms of reasoning and
conceived of function notation at different levels across interviews. Some of those differences
can be explained by the tasks that students engaged in, and also on their conceptions of function.

Jack consistently engaged in covariational reasoning within and across all interviews, yet his
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conception of function notation was different in certain tasks. For example, across the Pre
interview to the Post interview, in a statement task, he engaged in covariational reasoning at least
a Gross Coordination of Values (Thompson & Carlson, 2017) level, but he conceived of function
notation at a function notation as convention level. At this level, he matched the independent
variable in the parentheses with the variable along the horizontal axis and the dependent variable
on the other side of an equal sign with the variable along the vertical axis. Across the Pre
interview to the Post interview, in a plane situation task, Jack engaged in covariational reasoning
at a Coordination of Values (Thompson & Carlson, 2017) level, and he conceived of function
notation at a function notation as a relationship between variables level. At this level, he
conceived of distance and altitude as quantities that had an invariant relationship where one
value of distance determined one value of altitude (Thompson & Carlson, 2017). In other words,
he engaged in covariational reasoning and employed a correspondence approach to function. He
could think flexibly about graphs, where quantity representing the independent variable could be
represented by either the horizontal axis or the vertical axis.

Dave engaged in covariational reasoning in all interviews, but his conception of function
notation was different in Ferris wheel interviews than in the Pre interview and the Post interview.
Within the Pre interview and across the Pre interview to the Post interview, Dave engaged in
covariational reasoning and conceived of function notation at a function notation as label level.
For example, in a swing situation task, his conception of function notation was separate from his
covariational reasoning. When conceiving of function notation, it was fine with Dave to be what
I saw as imprecise because he attended to the shape of a graph. He conceived of function
notation at a function notation as label level because he drew on the shape of a graph. Dave’s

conception of function also impacted his conception of function notation. He only conceived of
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one-to-one graphs representing a function. If a graph violated a one-to-one definition of a
function, he did not carefully consider which variable should be used as an input or output and
concluded that he could not write a function notation either. Within Ferris wheel interviews, he
shifted in his conception of function such that one input could not have multiple outputs but
multiple inputs could have the same output. Dave engaged in covariational reasoning and
employed a correspondence approach, so he conceived of function notation at a function notation
as a relationship between variables level. He was not only thinking about how quantities
changed together, but also provided evidence of interchanging the variables along the axes as
long as it satisfied his new conception of the definition of a function.

Lisa engaged in guantitative reasoning and covariational reasoning in the Pre interview
plane situation task and provided evidence of a shift in her conception of function notation from
function notation as convention level to function notation as a relationship between variables
level. She said that distance determined the altitude, however, she did not explicitly write a
function notation. Within Ferris wheel interview 1, she had difficulty conceiving of function
notation because of her conceptions of distance and height representing the same thing - a length
from the ground. Within Ferris wheel interview 2, she conceived of distance as the total distance
traveled and then she provided evidence that she engaged in covariational reasoning throughout
Ferris wheel interview 2 and across Ferris wheel interview 2 to the Post interview. Within and
across Ferris wheel interview 2 to the Post interview, she engaged at a function notation as a
relationship between variables level. By that | mean that she demonstrated that she engaged in

quantitative reasoning and covariational reasoning and employed a correspondence approach.
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How Do Students Conceive of a General Function Notation?

Similarities across cases. Jack, Dave, and Lisa preferred letters x, y, and f when
interpreting function notation. Jack preferred y=f(x) over g=r(m) because he said that he was
used to this notation. Dave preferred the letters x, y, and f when interpreting function and
function notation. If variables other than x and y were used, he converted different variables to y
equals f of x and then decided how to label the axes. He used the variable x along the horizontal
axis, the variable y along the vertical axis, and preferred f as the name of a function. One
possible reason of why he converted letters to x, y, and f is because textbooks usually represent a
function notation as y=f(x). Lisa also labeled her axes as x and y in certain tasks. For example,
in Ferris wheel interview 2, she sketched a graph after watching the animated trace and labeled
the vertical axis as y and the horizontal axis as x. Lisa wrote f(a)=d or f(d) =a and mostly said
function of altitude equals the distance across tasks, except when | said the other way like a
equals f of d (a=f(d)). All three students liked to have x, y, and f because they were used to those
letters.

Jack, Dave, and Lisa conceived of function notation as something more than what
Musgrave and Thompson (2014) termed idiomatic expression. Both left-hand side and the right-
hand side of function notation meant something to all three students. In particular, Lisa mixed
words and function notation to show that both variables a and d meant more than letters to her.
Dave and Jack also wrote words instead of letters to show that the letter h meant height and the
letter d meant the distance traveled. In other words, to all three students, function notation meant
more than letters.

Within Ferris wheel interviews, all three students conceived of function notation at a

function notation as a relationship between variables level. Using Thompson and Carlson’s

201



(2017) definition of a function, students engaging in quantitative reasoning and covariational
reasoning demonstrated that they conceived of an invariant relationship between quantities and
employing a correspondence approach, they attended to the part that the value of one quantity
determined the value of the other quantity.

Contrasts across Cases. Within the Pre interview, Jack and Lisa shifted in their
conception of function notation from function notation as convention to function notation as a
relationship between variables. After this shift in Jack’s conception, he conceived of function
notation at a function notation as a relationship between variables level throughout all
interviews. However, Lisa’s conception of distance impacted her conception of function
notation. Once she conceived of distance as the total distance traveled within Ferris wheel
interview 2, she conceived of function notation at a function notation as a relationship between
variables level and her conception of function notation remained consistent from Ferris wheel
interview 2 to the Post interview.

Dave’s conception of function notation was different from Jack and Lisa and he drew on
the shape of graphs, so he conceived of function notation at a function notation as label level.
Dave’s reasoning with function notation intertwined with the shape of a graph can be explained
by Bell and Janvier (1981), Carlson (1998), and Moore and Thompson (2015) findings that
students often reason about graphs based on physical characteristics such as the shape of a graph.
Bell and Janvier (1981) used a term called pictorial distractions. They explained that pictorial
distractions occurred when the student confused the aspects of the situation. My findings are
similar to what Bell and Janvier (1981) term pictorial distraction (1998) and what Moore and

Thompson (2015) term static shape thinking, but the only difference is that Dave demonstrated
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that he extended pictorial distraction and static shape thinking to his reasoning with function
notation.
Main Finding of this study

Looking across all 3 cases, my results showed that the students could be engaged in lower
levels of covariational reasoning but still conceived of function notation at a higher level called
function notation as a relationship between variables. 1 initially created a table (see Table 3) to
classify students’ conception of function notation based on my conjectures that they may
conceive of function notation at higher levels as they would engage in higher levels of
covariational reasoning, but the results were quite different than what | conjectured.

Based on my results, | found that within Ferris wheel interviews, all three students
provided evidence that they engaged in covariational reasoning at a Gross Coordination of
Values (Thompson & Carlson, 2017) level, yet they could conceive of function notation at a
function notation as a relationship between variables level. The reason for this consistency in
their conception of function notation is that all three students had the same conception of
function that one input could not map to different outputs and different inputs could map to the
same output. In other words, students’ conception of function impacted their conception of
function notation. At a function notation as a relationship between variables level, students
employed Thompson and Carlson’s (2017) definition of function which I refer to as a
combination of covariation and correspondence approaches. The students engaged in a
quantitative reasoning and covariational reasoning to demonstrate conceptions of an invariant
relationship between quantities. They employed a correspondence approach to attend to the part

of a definition that the value of one quantity determined the value of the other quantity.
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CHAPTER IX

DISCUSSION & IMPLICATIONS

In this chapter, | discuss the importance of my results including the limitations of this
study. | wanted to learn if covariational reasoning impacted students’ conceptions of function
notation. In this study, | found that when conceiving of general function notation (y=f(x)),
within Ferris wheel interviews, all students provided evidence of engaging in quantitative
reasoning and covariational reasoning and employed a correspondence approach. I also include
implications these findings have for teaching and describe goals for future research.

Students’ Covariational Reasoning and their Conceptions of Function Notation (y=f(x)).

My analysis of the data provided evidence of students engaging in some levels of
covariational reasoning more than the others. Students’ engagement at levels of Gross
Coordination of Values and Coordination of Values (Thompson & Carlson, 2017) were more
evident. Not all students engaged in Coordination of Values (Thompson & Carlson, 2017), yet
they conceived of function notation at a function notation as a relationship between variables
level that | expected would be associated with higher levels of covariational reasoning. Within
Ferris wheel interviews, it was interesting that when all three students engaged in Gross
Coordination of Values (Thompson & Carlson, 2017) level, then they conceived of function
notation as a relationship between variables. Students’ conception of function also impacted
their conception of function notation within Ferris wheel interviews. Within Ferris wheel
interviews, all three students were consistent in their conception of function such that one input
could map to one output and different inputs could map to the same output, so they all conceived

of function notation at a function notation as a relationship between variables level.
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Within the Pre interview and the Post interview, students engaged in the same kind of
reasoning (e.g., Gross covariation) were at different levels of function notation. For example, in
a statement task, Jack engaged in covariational reasoning, but he conceived of function notation
at a function notation as convention level. Later, he engaged in covariational reasoning and
conceived of function notation at a function notation as a relationship between variables level in
the plane situation task. Dave engaged in covariational reasoning within the Pre interview and
the Post interview, but his conception of the definition of function impacted his conception of
function notation and he conceived of function notation at a function notation as label level or
function notation as convention level. For example, in a swing situation task, Dave conceived of
function notation as label because he attended to the shape of a graph and provided evidence of
engaging in covariational reasoning, which was separate from his conception of function
notation.

Conjectured levels of students’ conceptions of function notation. In my literature
review, | conjectured that students may conceive of function notation in ways that | expected
would be associated with higher levels of covariational reasoning. In the table below (see Table
10), | have linked my levels of students’ conceptions of general function notation (y=f(x)) from a
lower level to a higher level to covariational reasoning. The left column categorizes different
conceptions of function notation and the right column provides a description of how students
may link conceptions of function notation to their variational or covariational reasoning in a
Cartesian coordinate system. When | started the study, my conjecture was that as students
engaged in higher levels of covariational reasoning, they would also conceive of function
notation at a higher level. For example, an individual who conceives of function notation as

label level may conceive of y=f(x) just as different letters and may draw on the shape of a graph.
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This will be the weakest level. At a function notation as convention level, students may engage

in covariational reasoning or their conceptions of function notation may be separate from
covariational reasoning. At a function notation as a relationship between variables, | adapted
Thompson and Carlson (2017) definition of function to function notation and conjectured that

students may engage in covariational reasoning and also employ a correspondence approach

when conceiving of function notation. Students at this level may think that function notation is

not just how quantities are changing together, but also a special way (function) in which they are

related.

Table 10

Conjectured levels of function notation before conducting the study

Name

Description of what students do in a Cartesian
coordinate system

Function notation as label

At this level, students match a label to a graph. Students
associate function notation y=f(x) or x=f(y) with the shape of
a graph. Students may employ a correspondence approach
without engaging in covariational reasoning.

Function notation as convention

Student may engage in variational or covariational reasoning
and may use convention of matching the axes labels to
function notation. Function notation can be written either as
x=f(y) or y=f(x). If the horizontal axis is labeled as x, then
function notation should be written as y=f(x), so that the
variable in the parentheses should match the variable on the
horizontal axis. If the horizontal axis is labeled as y, then
function notation should be written as x=f(y), so that the
variable in the parentheses should match the variable on the
horizontal axis.

Function notation as a relationship
between variables

Thompson and Carlson (2017) definition of function: When
students employ a correspondence approach and engage in
covariational reasoning, function notation is not just how
quantities change together, but also a special way (function)
in which they are related. The independent variable can be
represented along the horizontal axis or the vertical axis, and
the function notation can be written as y=f(x) or x=f(y) as
long as value of one quantity x satisfies the value of the other
quantity y or the value of one quantity y satisfies one value of
the other quantity Xx.
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Connections to students’ reasoning with their conceptions of function notation after
conducting the study. [ initially thought that students engaged in Coordination of Values
(Thompson & Carlson, 2017) or higher may engage in covariational reasoning and may employ
a correspondence approach together when conceiving of function notation (see Table 10). Based
on the results of this study, I found that within Ferris wheel interviews and across Ferris wheel
interviews to the Post interview, all students engaged in a lower level of covariational reasoning
called Gross Coordination of Values (Thompson & Carlson, 2017) and they could conceive of
function notation at a function notation as a relationship between variables level. I modified my
table (see Table 11) to include students’ conceptions of function notation connected to their
reasoning. Students engaged in variational reasoning, quantitative reasoning, and covariational
reasoning and also employed a correspondence approach to function when conceiving of

function notation.
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Table 11

Connections to students’ reasoning with levels of function notation after conducting the study

Name

Description of what students do in a
Cartesian coordinate system

Connections to variational
reasoning, quantitative
reasoning, and covariational
reasoning

Function notation as
label

At this level, students match a label to
a graph. Students associate function
notation y=f(x) or x=f(y) with the
shape of a graph. Students may employ
a correspondence approach without
engaging in covariational reasoning.

Students’ conceptions of
function notation are separate
from their variational reasoning,
quantitative reasoning, and
covariational reasoning.

Function notation as
convention

Student may engage in variational or
covariational reasoning and may use
convention of matching the axes labels
to function notation. Function notation
can be written either as x=f(y) or
y=f(x). If the horizontal axis is labeled
as x, then function notation should be
written as y=f(x), so that the variable in
the parentheses should match the
variable on the horizontal axis. If the
horizontal axis is labeled as y, then
function notation should be written as
x=f(y), so that the variable in the
parentheses should match the variable
on the horizontal axis.

Students may engage in
variational reasoning,
quantitative reasoning, or
covariational reasoning, and
may conceive of function
notation using convention of
Cartesian coordinate system.
Students may conceive of
function notation separately
from covariational reasoning or
in conjunction with
covariational reasoning.

Function notation as a
relationship between
variables

Thompson and Carlson (2017)
definition of function: When students
employ a correspondence approach
and engage in covariational reasoning,
function notation is not just how
quantities change together, but also a
special way (function) in which they
are related. The independent variable
can be represented along the horizontal
axis or the vertical axis, and the
function notation can be written as
y=f(x) or x=f(y) as long as value of one
quantity x satisfies the value of the
other quantity y or the value of one
quantity y satisfies one value of the
other quantity x.

Students engaged in variational
reasoning, quantitative
reasoning, and covariational
reasoning and employed a
correspondence approach to
function.

Explanation of higher level of function notation. Thompson and Carlson’s (2017)

definition of a function was very useful to interpret student’s reasoning with function notation.

Thompson and Carlson (2017) argued that if students engaged in covariational reasoning, then
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students could reason without considering which variable represented the dependent variable and
which variable represented the independent variable. The results of my study showed that when
interpreting function notation, some correspondence was useful. Quantitative reasoning, a
correspondence approach, and covariational reasoning together seemed to make a difference in
students’ reasoning with function notation. | adapted Thompson and Carlson’s (2017) definition
of function to function notation and referred to it as a combination of covariational reasoning and
a correspondence approach. Although Thompson and Carlson (2017) did not characterize their
definition in terms of dependent or independent variables and did not imply a correspondence
perspective, but | make that distinction when interpreting their definition of a function. In other
words, when conceiving of function notation, students engaged in quantitative reasoning and
covariational reasoning and demonstrated that they conceived of an invariant relationship
between quantities and employed a correspondence approach to attend to the part that the value
of one quantity determined a value of the other quantity.
Results Consistent with Convention Acting in the Capacity of Convention

Moore et al. (in press) reported that some pre-service and in-service teachers were able
to reason in ways that were different than what's practiced by the community (or convention).
Moore et al. (in press) found that some teachers could conceive of x as a function of y by
reasoning that rotating a graph counterclockwise expressed the same relationship between
distance and height. The authors called those viable ways of reasoning convention qua
convention. My results were consistent with the findings of Moore et al. (in press). | found that
in a plane situation task with distance along the vertical axis and the height along the horizontal
axis, Jack rotated a graph counterclockwise and said that the graph expressed the same

relationship between distance and height. Jack also wrote function notation h=f(d), so he
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conceived of a graph and function notation using convention qua convention. Convention qua
convention is important because it allows to learn how students conceive of invariant
relationships between quantities among different representations.
Types of Tasks Employed

Moore’s Tasks

In this study, | built on the work of Moore who also investigated students’ shifts from
convention following to quantitative reasoning (Moore et al., 2013; Moore & Thompson, 2015;
Moore et al., 2014, Moore et al., in press) and emphasized interpreting graphs as relationships
between two quantities. | expanded Moore’s work to study shifts in students’ reasoning with
function notation. All students in my study said that the tasks related to graphs with switched
attributes were different from what the students were used to, but still demonstrated that they
could engage in quantitative reasoning regardless of which axis represented the independent
variable. 1 found that students’ ways of thinking necessary for interpreting graphs as
relationships between quantities were also useful for them to interpret general function notation
(y=f(x)). My work builds on Moore’s work on quantitative reasoning and covariational
reasoning and extends to general function notation (y=f(x)).
Johnson’s tasks

I built on Johnson’s Ferris wheel tasks and tasks asking students to interpret responses
from others’ claims about a graph (Johnson et al., 2018, August) by adding the function notation
to it. The Ferris wheel tasks were dynamic in nature, whereas, the tasks asking students to
interpret responses from others’ claims about a graph did not involve dynamic graphs. | found
that ways of thinking necessary for interpreting graphs as relationships between quantities were

also useful to interpret general function notation (y=f(x)) in these tasks.
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Students’ reasoning on different task types. | found different results depending on the
types of tasks employed to investigate students’ reasoning with function and function notation. In
tasks involving functions, graphs, tables, and function rules, my results were consistent with
other researchers (e.g., Akkoc & Tall, 2005; Breidenbach et al., 1992; Even, 1993; Oehrtman,
Carlson, & Thompson, 2008) who documented that given graphs, students relied on the vertical
line test to interpret a function. In tasks involving functions, graphs, tables and function rules,
students in my study also relied on the vertical line test and did not conceive of x as a function of
y. In tasks involving functions, graphs, tables, and function rules, my results were consistent
with Moore and Thompson (2015) static shape thinking because students looked at the shape of
a graph and relied on the vertical line test. Their reasoning was also consistent with Dubinsky
and Harel’s (1992) action conception because students only conceived of y as a function of x,
because of how the axes were labeled such that the horizontal axis represented the independent
variable x and the vertical axis represented the dependent variable y.

In situation tasks and the Ferris wheel tasks, students’ reasoning was quite different, and
their reasoning was consistent with Dubinsky and Harel’s (1992) process conception because
students could conceive of several inputs mapping to a set of outputs without determining
specific values and relying on the vertical line test. Situation tasks with attributes represented on
different axes, Ferris wheel tasks with attributes represented on different axes, and tasks asking
students to interpret responses from others’ claims about a graph (Johnson et al., 2018, August)
were the most useful to learn how students engaged in quantitative reasoning and covariational
reasoning and how it impacted their interpretation of function notation. For example, Jack, Dave,
and Lisa all combined quantitative reasoning and a correspondence approach in those tasks.

With those tasks, | found that students could conceive of x as a function of y, which is consistent
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with Moore et al. (in press) findings and they use the term convention qua convention to classify
students’ reasoning that is different than what is practiced by the community. In situation tasks,
Ferris wheel tasks, and tasks asking students to interpret responses from others’ claims about a
graph (Johnson et al., 2018, August), my data provided evidence of all students engaging in a
construct called emergent shape thinking.

Because of the dynamic nature of the Ferris wheel tasks, they were useful despite the
challenges. For example, when Dave and Lisa initially engaged in the Ferris wheel tasks, they
conceived of both distance and height measuring the same thing- a length from the ground. The
tasks asked students to interpret the total distance traveled, however, they conceived of distance
as distance from the ground. Both Dave and Lisa’s initial conception of distance as a length
from a ground can be explained by what Bell and Janvier (1981) term situational distraction. In
contrast, when interpreting function notation in Ferris wheel tasks with attributes switched on the
axes, | found that students could conceive of height as a function of distance (h=f(d)), which is
consistent with Moore et al. (in press) findings and they use the term convention qua convention
to classify students’ reasoning that is different than what is practiced by the community. All
students provided evidence that they engaged in quantitative, variational, and covariational
reasoning and employed a correspondence approach to interpret function notation. This explains
the complexity and challenges when students initially engage in Ferris wheel tasks, yet the
dynamic nature of these tasks provided students an opportunity to engage in variational and
covariational reasoning later which also played an important role in their conceptions of function
notation.

A study done by Fonger et al. (2016) focused on middle school students’ conceptions of

function notation of specific rules such as quadratic functions and had levels of correspondence
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that were fine- grained. Fonger et al. (2016) found that covariation alone was powerful, and
correspondence emerged simultaneously with students’covariational reasoning. My focus was
on students’ reasoning with general function notation (y=f(x)) and | found something different. |
found that students interpreted function notation by engaging in covariational and quantitative
reasoning and employing a correspondence approach.

Students’ reasoning can vary depending on the type of task. | found that Dave’s
reasoning with function and function notation was different across contexts. A possible
explanation was that he operated with different definitions of a function in Ferris wheel
interviews context than in the Pre interview/Post interview context and that can explain
differences in his reasoning with function notation across contexts. | thought that Dave will shift
in his reasoning with function notation from Ferris wheel tasks to the Post interview, but he went
back to how he conceived of function notation in the Pre interview. Johnson et al. (2017b)
presented a case of a student named Ana who demonstrated shifts in her reasoning within Ferris
wheel tasks, but not on the bottle problem. The results of this study were consistent with the
findings of Johnson et al. (2017b), and my findings extended to interpreting general function
notation (y=f(x)).

Limitations of this study

One limitation of my study is that the participants in my study were from the same
university. 1 only interviewed a small number of participants who agreed to be interviewed.
People who volunteered to be interviewed were all white students; therefore, the results cannot
be representative of the diverse university population. If I had interviewed students of color and

students from different universities, the results may have been different.
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A possible limitation of this study was how | posed a question or did not ask a question at
times and may have affected students’ responses. For example, in the Pre interview, Lisa
engaged in quantitative reasoning and demonstrated that she shifted from following convention
that the horizontal axis should always represent the independent variable. But, | did not ask her
explicitly if the graph could be expressed as function notation h=f(d). My finding may have
been different if | had asked her about h=f(d). The kinds of questions we ask impacts what is
possible for us to learn as researchers.

Another limitation of this study is that not all students had a chance to work on the same
tasks. For example, Lisa did not work on the same kinds of tasks (responses to other students’
claims) in the Pre interview and the Ferris wheel tasks. It was evident that when Dave and Jack
worked on tasks of responding to other students’ claims in Ferris wheel interviews, they
provided evidence of engaging in a combination of quantitative reasoning and covariational
reasoning and employed a correspondence approach in a single task. Lisa provided evidence of
engaging in quantitative reasoning and covariational reasoning in the Ferris wheel tasks and then
employed a correspondence approach, but the evidence was not as strong as the other students.
If Lisa had the chance to work on tasks asking to respond to other students’ claims in all
interviews, that may have impacted my finding. Despite the limitations, modifying the tasks
helped me to achieve my goal, and the benefits outweighed the limitations to really being able to
look across tasks.

Implications

I recommend that researchers/teachers incorporate technology-rich tasks, tasks with

attributes switched (different from what they learn in a classroom), and tasks of making sense of

others’ claims to foster students’ variational and covariational reasoning and provide students an
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opportunity to relate the changing quantities to their conceptions of function and function
notation. When | asked students to work on tasks involving functions, graphs, tables, and
function rules it was difficult to learn if students could conceive of quantities as varying and
covarying. It was also difficult to learn if students could conceive of a function notation more
than just different letters. There were two types of tasks from which | gathered the most
evidence of links between students’ covariational reasoning and the interpretation of function
notation. The first set of tasks included situation tasks and the Ferris wheel tasks with attributes
switched. The second type of tasks were the tasks with names and making sense of others’
reasoning about graphs (Johnson et al., 2018, August). All students demonstrated that they could
combine quantitative and covariational reasoning and a correspondence approach to interpret
function notation. So, these tasks may allow teachers to learn about students’ conceptions and
how students connect different representations of the same thing. Similarly, because of the
dynamic nature of the Ferris wheel tasks, teachers can learn in what other ways students can
conceive of general function notation (y=f(x)) as expressing an invariant relationship between
quantities.

College Algebra course is meant to prepare students for higher level mathematics
courses, but the current design of College Algebra course only serves 5-10% of the students to be
prepared for PreCalculus (Herriott & Dunbar, 2009). There is a need to change the curriculum to
provide College Algebra students an opportunity to have a deeper understanding of concepts
such as function and general function notation (y=f(x)). Our current College Algebra textbooks
do not emphasize what y=f(x) really means. Students are usually asked to substitute values,
complete the tables, and graph function notation of the form f(x) = 3x+5, but when it comes to

general function notation (y=f(x)), students find it very difficult to interpret what y=f(x) is.
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College Algebra students should be given an opportunity to work on tasks mentioned above, so
that they can conceive of general function notation as an expression relating two quantities x and
y.

In an effort to promote covariational reasoning in College Algebra classes, Implementing
Techtivities to Promote Students’ Covariational Reasoning in College Algebra (ITSCoRe) is
working to develop instruments measuring students’ covariational reasoning. Dr. Johnson is a
principal investigator (PI) of ITSCoRe grant and its purpose is to increase and enhance College
Algebra students’ engagement in tasks so that they can be successful not only in their College
Algebra class, but also be prepared for STEM professions. My work aligns with ITSCoRe
mission as | focused on College Algebra students’ covariational reasoning and links between
student’s covariational reasoning and their reasoning with general function notation (y=f(x)).
Covariational reasoning is not emphasized in curricular materials, but it can make a difference in
students’conceptual understanding of function and general function notation (y=f(x)).

Future research

Future research could include a critical theory lens with emphasis on a more
representative sample of college student’s population. Using a larger sample size is needed to
substantiate the claim that students engaged in covariational reasoning at a Gross Coordination
of Values (Thompson & Carlson, 2017) level could conceive of function notation using
Thompson and Carlson’s (2017) definition of function. Given that my sample was small, it
seemed that those classification levels were developed in my study, but future research could
look at if they hold up with a larger sample including students of color and first-generation

college students.

216



To foster students’ reasoning and conceptions of function and function notation, more
opportunities must be provided to them. Shifts in students’ conceptions occurred as students
reflected on the tasks that | posed and | found those shifts interesting. For example, the situation
tasks, the Ferris wheel tasks and tasks asking students to interpret responses from others’ claims
about a graph (Johnson, et al., 2018, August) seemed to make a difference in students’
conceptions of general function notation (y=f(x)). While I identified shifts in students’
conceptions and reasoning, explaining the mechanism of how those shifts happened is beyond
the scope of this study. Future study should work to explain shifts in students’ reasoning.

Concluding Remarks

Students’ reasoning with quantities impacted their conceptions of function notation. 1
found that students’ engagement in quantitative reasoning and covariational reasoning along with
a correspondence approach to function allowed then to view function notation y=f(x)
representing a relationship between two quantities. In this study, | found that students viewed
general function notation (y=f(x)) differently than what Musgrave and Thompson (2014) termed
idiomatic expression. To all three students, general function notation (y=f(x)) meant more than
letters and they conceived of function notation expressing a relationship between two quantities x

and y at a function notation as a relationship between variables level.
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APPENDIX A

Pre Interview Schedule

1. What comes to your mind when you think of a
function?

P1: 1 don’t know.

Follow up: Would it help if | gave you something
more specific? Sometimes in math, we have graphs,
tables, and equations. Would any of these help?

P1: yes.

Prompt:

2. Please read each statement out loud and explain
what each statement means. | will also provide tables
and graphs and ask them if the tables/graphs helped
to clarify the statements.

Given y = f(x), for every input x , there is
exactly one output y .

e Given x = f(y), forevery input y, x is the
output.

e Given g = r(y), as y increases, g decreases.

e Giveny = g(r), as r increases, y increases
and then decreases.

This question is to know what students think
about functions and what do they mean by a
function and general function notation.
Students could define the function as a
correspondence (For every x, there is an
output y). They may define a function using
a graphical representation or a symbolic
representation. Students often think a
function must be defined by a single
algebraic formula (Carlson, 1998; Clement,
2001; Even, 1990; Even, 1993; Sierpinska,
1992). The students may graph a function
and write a notation. They may pick points
or just graph a function without picking
numbers.

A student may say this is the definition of
function because we have y = f(x).
Students learn this in schools.

Here the notation is different, and
participants may think that this is not a
function due to the order of the variables in
the notation x = f(y). Students may pick
different points to interpret the notation.

These are definitions of function from a
covariation perspective. Students are less
familiar with this definition and may not
consider these as function definitions.
Students may express each statement
graphically and try to match the variable on
the parentheses to match with the variable on
the horizontal axis and the variable on the
other side of the equal sign to be on the
vertical axis. Students may look for an
expression because students often think a
function must be defined by a single
algebraic formula (Carlson, 1998; Clement,
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3. Do these represent functions?

The following table defines y as a function of x,
denoted y = f(x).

x [-2 -1 0
y |8 |2 |-3 |4 |2 |7

[EEN
w
SN

The following table defines x as a function of y,
denoted x = f(y).

x |3 -3 12 |0
y |1 |2 |3 |5

P1: same input of -3 gives outputs of 1 and 2.

P2: Two different inputs of 1 and 2 map to the same
output of -3, which does not represent a function.

2001; Even, 1990; Even, 1993; Sierpinska,
1992).

Students are familiar with tables and a
student may say this is the definition of
function because it is given as y = f(x).

It is also possible that students may say this
is not a function because it is not one-to-one.
f(=1) =2and f(3) =2aswell

A student may still consider y as a function
of x and say that the same input of -3 gives
two outputs 1 and 2. 1 will prompt them to
read the statement first.

Students may conceive of one-to-one
functions as functions and may not consider
this onto function as a function.
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P1: The graph passes a vertical line test so it is a
function.

P2: Two inputs map to the same output, so it is not a
function.

P1: The graph passes a vertical line test, so it
represents a function.

P2: One input has an output, so it represents a
function.

Students may use the vertical line test to
decide if the graph represents a function.

Student may think that the on-to graph does
not represent a function.

Students may use the vertical line test to
decide if the graph represents a function.

Student may think that a one-to-one graph
represents a function.

4. What does u = r(s) mean? How do you make
sense of it?

P1: This is like y equals f of x but with different

I will ask the student to explain what each
variable means to them. | may ask them to
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letters.

graph the rule to know how they connect the
rule to the graph.

5. Given a set of 4 graphs, which are functions?
Which are not? why?

P1: A student may say that the parabola is a function
because it passes the vertical line test and the linear
graph is a function because all linear graphs are
functions.

Follow up: Could you explain why?

P1: A circle is not a function and the last graph is
not a function because these graphs do not pass the
vertical line test.

Follow up: Could you explain a different way
(without the vertical line test) why this is not a
function?

Here | expect them to explain that one input
is giving two different outputs, and therefore
it is not a function.

This question will help me to know how
students conceive of graphs that represent
functions and graphs that do not represent
functions.
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If we think about quantitatively, then the
parabola opening sideways represents a
function, where g is a function of y. The
goal of this task is to see how students
conceive of a function and if they engage in
quantitative reasoning specifically for this
graph.

6. Can you use any of these formulas to describe the
graphs presented in 2? You can use formulas more
than once or not at all.

g=rQ)
y=71(9)
y=fkx)
x=f()
m = t(p)
p = t(m)

P1: A student may say that a circle can be defined as

y=f().

A student may say that a circle can be
defined as y = f(x) because the horizontal
axis is labeled x and the vertical axis as y.
(Even though the circle is not a function).
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P2: A student may say y = r(g) for the first graph
because the the horizontal axis is labeled g and the
vertical axis as y.

P3: A student may say p = t(m) for the linear
graph because the horizontal axis is labeled m and
the vertical axis as p.

P4: A student may say that for the last graph
y = r(g) because the horizontal axis is labeled g
and the vertical axis as y.

Student matched the variable in the
parentheses to the variable in the notation

I have chosen a linear graph because it is
one-to-one. The students are most familiar
with linear graphs, and most real-life
situations can be translated to linear graphs.
Moreover, there is less complexity in terms
of the notation. For linear functions, we can
express the situations as either y = f(x) or
x = f(y). We can know the value of x if we
know y and we can know the value of y if
we know x. (Every x has an output y).

So, for a linear graph, both p = t(m) and
m = t(p) are okay. From a quantitative
reasoning perspective, input can be on any
axis as long as it satisfies the definition of
function.

This tells me that the labels of axes matter to
students when they think of a notation.
However, g = r(y) for the last graph
because g is a function of y. Here y is the
input variable and g is the output variable.
From a quantitative reasoning perspective,
input can be on any axis as long as it satisfies
the definition of function.

7.Sam said that both m = t(p) and p = t(m) can be
used to describe the following graph. Why that
made sense to that person? What do you think?

P1l: p = t(m) is true because the horizontal axis is
given by the variable m and it is the independent
variable.

Student matched the variable on the
horizontal axis to the variable in the
parentheses and the variable on the vertical
axis to the variable on the other side of equal
sign to conceive of the notation. This is how
students learn in school.
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P2: As m increases, p increases and as p increases m
increases, so both notations can be used.

Thinking covariationally, as one quantity
increases the other also increases, so both
notations can be used. A student may
combine covariational reasoning to the
correspondence approach and say that one
input has one output and as one gquantity
increases, the other also increases and
therefore we can write notation both ways.

8. Given the situation below, interpret the graph.

a)  Suppose that an airplane takes off from
Denver International Airport. As the plane
covers the distance along the ground, its
altitude changes. Here is a graph representing
the distance along the ground and the altitude
of the airplane. Please interpret the graph.

P1: I don’t know. It looks like a hill but flat in the
middle.

Prompt: Could you please tell me how the distance
is changing?

This tells me that the student is paying
attention to the overall shape of the graph. 1
will prompt the student to know how he /she
thinks about the quantities, distance and
altitude (separately and changing together).
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How is the altitude changing?

How are both distance and altitude changing
together?

b) We have the same situation, but the attributes are
on different axes. Please interpret the graph.

P1: 1 don’t know. It looks like a hill, flat in the
middle and is sideways.

Prompt: Could you please tell me how the distance
is changing?

How is the altitude changing?

How are both distance and altitude changing
together?

This tells me that the student is looking at the
physical object.

These prompts will help me to know what
students think about the quantities separately
and also changing together (covariation). It is
possible that the student may be thinking
about two quantities and notice that the
relationship between two quantities stays the
same. This task (representing same
attributes on different axes) would allow me
to explore how students are conceiving of
two quantities.

Is it possible to write the situations above as

a=f(d),d=f(a)?

236




P1: A student may say that 8a) can be written as
a =f(d)and8b)asd = f(a).

Please explain why you think that?

P2: A student may say a = f(d), d = f(a) does
not make sense because there is no formula.

R: Can you tell me what you think should be there?

P3: 1 don’t know. Maybe f(x) = something.

9. Nat said that for the first situation, the graph can
be written as botha = f(d) and d = f(a). What
do you think?

This tells me that the student wants to match
the notation with how the axes are labeled.

If we think about the notation, we cannot say
that both x = f(y) and y = f(x). For
example, if we have the distance along the x-
axis and altitude along the y-axis, then we
can say that a = f (d), but we cannot say
thatd = f (a) (with d along the x-axis and
a along the y) because one altitude
corresponds to two different distances and is
therefore not a function. However, if we
switch the axes, we can still say that

a = f(d) (with a on x-axis and distance on
the y-axis). Students may say d = f (a)
because labeling the axes differently changes
the notation (just like changing alphabets
gives a different number for an equation
(Wagner, 1981).

The student may want to see something
like f(x) = 3x+ 4.

This question will help me to know if
students relate notation to axes or if they
relate quantities to notation, or if thinking
about notation is separate than thinking about
the quantities.
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The student used a correspondence approach

. . . to justify the notation.
P1: With d on the horizontal axis, one d corresponds

to a height, so h equals f of d. One h corresponds to
two different d’s and so d equals f of h is not true.

10. Given the situation below, interpret the graph.

b)  Suppose that a child has been swinging on a
swing for some time. Here is a graph
representing the total distance traveled and the
height of the swing. Please interpret the
graph.

This tells me that the student is paying

P1: I don’t know. It looks like a hill. attention to the overall shape of the graph. 1
will prompt the student to know how he /she
thinks about the quantities, distance and
height (separately and changing together).

Prompt: Could you please tell me how the distance
is changing?

How is the height changing?

How are both distance and height changing together?

b) We have the same situation, but the attributes are
on different axes. Please interpret the graph.
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P1: I don’t know. It looks like a hill that is
sideways.

Prompt: Could you please tell me how the distance
is changing?

How is the height changing?

How are both distance and height changing together?

This tells me that the student is looking at the
physical object.

These prompts will help me to know what
students think about the quantities separately
and also changing together (covariation). It is
possible that the student may be thinking
about two quantities and notice that the
relationship between two quantities stays the
same. This task (representing same
attributes on different axes) would allow me
to explore how students are conceiving of
two quantities.

Is it possible to write the situations (in 10 above) as

h=f(d),d=f(h)?

P1: A student may say that 10a) can be written as
h = f(d)and 10b)asd = f(h).

Please explain why you think that?

This tells me that the student wants to match
the notation with how the axes are labeled.

If we think about the notation, we cannot say
that both x = f(y) and y = f(x). For
example, if we have the distance along the x-
axis and height along the y-axis, then we can
say that h = f (d), but we cannot say that

d = f (h) (with d along the x-axis and h
along the y) because one height corresponds
to two different distances and is therefore not
a function. However, if we switch the axes,
we can still say that h = f(d) (with h on x-
axis and distance on the y-axis). Students
may say d = f(h) because labeling the axes
differently changes the notation (just like
changing alphabets gives a different number
for an equation (Wagner, 1981).
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P2: A student may say h = f(d), d = f(h) does
not make sense because there is no formula.

R: Can you tell me what you think should be there?

P3: 1 don’t know. Maybe f(x) = something.

The student may want to see something
like f(x) = 3x+ 4.

This question will help me to know if
students relate notation to axes or if they
relate quantities to notation, or if thinking
about notation is separate than thinking about
the quantities.

11. For the swing situation, Pat said that both graphs
can be writtenas h = f(d). What do you think?

P1: The graph in the first situation can be written as
h equals f of d and the graph with distance along the
vertical axis can be written as d equals f of h.

student paid attention to the axes labels.

Distance depends on height regardless of
what axis it is on. Student engaged in
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P2: Both graphs represent distance increasing, one quantitative reasoning.
along the horizontal axis and the other along the
vertical axis, so h depends on d. h equals a function

of d.
Thinking quantitatively, in both cases h
depends on d and also using a
P3: h depends on d and each distance value correspondence approach (Smith, 2003) h
corresponds to a height, so h equals f of d is the equals f of d is the correct notation. In other
correct notation. words, the student may combine the

covariational perspective to the
correspondence approach.
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APPENDIX B

Ferris Wheel Interview 1 Schedule

Students will see a Ferris wheel (without
animation) and I will ask them how the
distance is changing.

P1: The student may look at the moving word.
Follow up: Please show this by pointing to the
screen.

P2: The distance increases.

Follow up: The student will be asked to show
this on the Ferris wheel.

P3: The distance keeps going around the circle.

Follow up: Please show this on the Ferris
wheel.

If a student gets stuck, they’ll be prompted as
follows:

Let us say you begin from the start, and then
travel around the circle. What is happening to
the distance?

I will ask the students about a single changing
quantity which is the distance. Students may
respond two different ways as identified by
Thompson & Carlson, in press)
Pre-variation: If a student is looking at the
physical objects, then they are at the pre-
variation stage.

Variation: Students are at a “variation” stage
if they look at a single changing quantity.

Students will see a Ferris wheel (without
animation) and I will ask them how the height
IS changing.

P1: The height also goes up.

Follow up: So, does the height go up all the
way?

Can you point to the Ferris wheel and show
this?

P2: The height goes up and when it reaches its
highest point, then it starts to decrease.
Follow up:

Can you point to the Ferris wheel and show
this?

P3: The height goes up and then down.
Follow up: Can you explain and show where it
is going up and where it is going down?

I will ask the students about a single changing
quantity which is the height. Students may
respond two different ways as identified by
Thompson & Carlson, in press)
Pre-variation: If student is looking at the
physical objects, then they are at the pre-
variation stage.

Variation: Students are at a “variation” stage
if they look at a single changing quantity.
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I will ask the students to run the animation to
see what is happening with the height and
distance. | will ask them again to explain to
me how distance is changing and how height is
changing.

P1: do not know.

Prompt: If you start from the ground, what is
the distance and height at the start?

Follow up: If you are going far from the
ground, how do the distance and height
change?

P2: The student may look at the moving words
distance and height.

Follow up: Please show what you mean by
pointing to the screen.

P3: The distance keeps going around the circle,
and the height goes up and down.

Follow up: Where is the distance increasing
and where is the height going up and down?

Here | will ask students about both distance
and height. Here, a student may be at a pre-
variation level or variation level as described
above. Itis also possible that the student may
be paying attention to both quantities together
called covariation.

The ultimate goal is to see how their thinking
impacts the way they graph and conceive of the
function notation.

I will ask the students to predict and then graph
the relationship between distance and height.
Please label the axes. Students explain why
their graph makes sense.

P1: The student may graph two separate
graphs, one for distance and one for height.

P2: The student may graph an iconic graph that
looks like the Ferris wheel.

Here, there are several things to pay attention
to. Students may label their axes differently,
and their reasoning may be different based on
how they define their axes. Graphical
representation will allow me to see how
students interpret the two changing quantities
and how they demonstrate their thinking in
terms of the graph.
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P3: The student may sketch a graph that looks
like a hill.

P4: The students may label their axes
differently.

Follow up: Why you chose the labels the way
that you did?

Could you express the graph as h equals f of d?
Why?

P1: No.

Follow up: Why not?

P1: I do not know the formula.

R: Can you tell me what you think should be
there?

P1: I do not know. I’m not sure.

Follow up: Could you express it like h = f(d)
P1: No.

Follow up: Why not?

P1: h = f(d) does not make sense. It needs to
be f(x) = something.

Follow up: Could you tell me what you are
expecting there?
P1: Maybe y = something.

The students may want to see something like
f(x) = 3x + 4.

The student may be expecting different
variables (Wagner, 1981) where different
variables mean different numbers.

If the student says y = something, maybe
he/she is thinking of an equation and not
being able to distinguish between the equation
and function (Chazan & Yerushalmy, 2003).
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Follow up: is there a difference between y or

f(x)?
P1:No.y = f(x).

For the notation h = f(d), | will ask the
student about each variable. So, what does h
mean? What does f mean? What do we mean
by d?

A student may say | have no numbers and | do
not know what to do.

Follow up: Is it necessary to have numbers in
h = f(d)? Does it mean anything without
numbers?

P2:h = f(d)ord = f(h)

Follow up: So, does it matter how we write the
notation?

P3: h = f(d) because distance keeps going
and the height depends on it. When we know
the distance, we can predict the height.

Follow up:
Is it possible to write thisas d = f(h)? Why or
why not? Explain.

Does it matter if we write h = f(d) or

f(d) =h?

If the student says, y = f(x) theny = f(x) is
just a label or they think that y equals f(x).
They may be using an equal sign as an
equivalence (Knuth et al., 2006, 2011)

I am using Thompson (2013) definition of
function notation to see what students think
about the notation h = f(d).

I may ask them to pick a few numbers and tell
me what that means. Then | will ask if they
can think without numbers.

The notation h = f(d) is only meaningful if
the unknown view is left behind and the
variable view is made significant (Chazan;
Usiskin). This will help me to know if their
prior knowledge about the equations interferes
with their function knowledge.

This question is to see what students think
about the notation if we switch f(d) and h. If
students are still thinking like they used to in
algebra, somewhat similar to generalized
numbers (x, y wherex +y = y+x.....
(Usiskin, 1988)

I have mismatched variables and | want to
know if the students think about notation
idiomatically (Musgrave & Thompson, 2014)

Students will see the animated distance
segment along the x-axis, and | will ask them
to explain to me what the length on the x-axis

Here the student will see the distance segment
alone. This will help me to know how students
think about the distance represented by a
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means in terms of the Ferris wheel.

P1: The segment keeps going like the distance.
Follow up: How is the distance changing?

P2: 1 do not know.

Prompt: Which quantity is represented by this
segment?

Follow up: How is this quantity changing?
P3: Distance, but I am not sure why this is on
the x-axis?

Follow up: Do you think the segment should
behave differently? Are you thinking about the
graph?

segment.

This will also tell me if students are bothered
by the segment because a graph represents two
guantities and the students are familiar with
graphs of two quantities and they may wonder
why this segment along the x-axis?

Then students see the height along the y-axis,
and they will be asked to explain what the
length on the y-axis means in terms of the
Ferris wheel.

P1: The segment goes up and then comes back
like the height.

Follow up: How is the height changing? What
is height doing?

P2: 1 do not know.

Prompt: Which quantity is represented by this
segment?

Follow up: How is this quantity changing?

P3: Height, but I am not sure why this is on the
y-axis?

Follow up: Do you think the segment should
behave differently? Are you thinking about the
graph?

Here the student will see the height segment
alone. This will help me to know how students
think about the distance represented by a
segment.

This will also tell me if students are bothered
by the segment because a graph represents two
guantities and the students are familiar with
graphs of two quantities and they may wonder
why this segment along the y-axis?

Show them animation of both distance and
height segments together. Ask them how are
both distance and height changing together?
P1: Distance keeps going.

Prompt: What about the height?

P2: Height goes up and down.

Prompt: What about the distance?

P3: Distance keeps going and the height goes
up or down.

Follow up: Please show this by pointing to the
screen.

Here 1 will ask the students about both distance
and height segments together. By looking at
the animated segments that change together
may help them to think about two changing
quantities.

Press Show Ferris wheel, then Press Show

Here students are going to explain and
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trace. Tell students to watch the point and trace
changing. Ask students what the trace means in
terms of this situation.

Ask students to compare their graph
predictions to what they are seeing now.

P1: They may not change their graph at all.
Prompt: How does this trace compare to what
you sketched before?

P2: They may be thinking about one quantity
before but may shift to two quantities and may
want to change their graph.

Follow up: Why do you think the graph should
look like the way it does?

P3: They may be thinking about two quantities
to begin with.
Follow up: Please explain what you think.

compare trace with what graphs they sketched.
Their explanation will tell me if the moving
segments changed how they conceived of
quantities.

Could you express the graph as h equals f of d
or d equals f of h?

P1: No.

Follow up: Why not?

P1: 1 don’t know the formula.

R: Can you tell me what you think should be
there?

P1: 1 do not know. | am not sure, but h =
f(d) and d = f(h) does not make sense. It
needs to be f(x) = something.

Follow up: Could you tell me what you are
expecting there?

P1: Maybe y = something.

Follow up: is there a difference between y or

f(x)?

P1:No.y = f(x).

The student may want to see something like
f(x) = 3x + 4.

The student may be expecting different
variables (Wagner, 1981) where different
variables mean different numbers.

If the student says y = something, maybe
he/she is thinking of an equation and not
being able to distinguish between the equation
and function (Chazan & Yerushalmy, 2003).

If the student says, y = f(x) theny = f(x) is
just a label or they think that y equals f(x).
They may be using an equal sign as an
equivalence (Knuth et al., 2006, 2011)

Using Thompson (2013) definition of function
notation to see what students think about the
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I will ask about each variable in the notation
h=f(d). So, what does h mean? What does f
mean? What do we mean by d?

A student may say | have no numbers and |
don’t know what to do.

Follow up: Is it necessary to have numbers in
h = f(d)? Does it mean anything without
numbers?

P2:h=f(d)ord = f(h)

Follow up: So, does it matter how we write the
notation?

P3: h = f(d) because distance keeps going
and the height depends on it. When we know
the distance, we can predict the height.

Follow up:

Is it possible to write thisas d = f(h)? Why or
why not? Explain.

Does it matter if we write h = f(d) or

f(d) = h?

notation h = f(d). At the same time looking
at how this task helped them to see the
relationship between the quantities. (as | am
asking about notation again after the tasks
are complete).

I may ask them to pick a few numbers and tell
me what that means. Then | will ask if they
can think without numbers.

The notation h = f(d) is only meaningful if
the unknown view is left behind and the
variable view is made significant (Chazan;
Usiskin). This would help me to know if their
prior knowledge about the equations interferes
with their function knowledge.

This question is to see what students think
about the notation if we switch f(d) and h. If
students are still thinking like they used to in
algebra, somewhat similar to generalized
numbers (x, y wherex +y = y+x.....
(Usiskin, 1988)

Pat said that the graph below can be written as
either d=f(h) or h=f(d). What do you think?
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P1: The graph on the left can be written as h
equals f of d and the graph on the right can be
written as d equals f of h.

P2: Both graphs represent distance along the
horizontal axis and we cannot interchange
variables.

P3: Distance keeps going and the height varies.
Also, each distance value corresponds to a
height value, so h equals f of d is the correct
notation.

Student is paying attention to how the axes are
labeled.

Student engaged in quantitative/covariational
reasoning.

Student has combined the covariational
perspective to the correspondence approach to
conceive of the notation.
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APPENDIX C

Ferris Wheel Interview 2 Schedule

I will ask the students again to run the
animation to see what is happening to the
height and distance. . 1 will ask them again to
explain to me how distance is changing and
how height is changing.

This will serve as a quick overview of what
they did in their previous interview (FW task
1)

I will ask the students to predict and then graph
the relationship between distance and height
represented on different axes (distance on y-
axis and height on the x-axis). Students
explain why their graph makes sense.

P1: The student may graph two separate
graphs, one for distance and one for height.

¥
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Follow up: Please explain what you just
sketched.
P2: The student may graph an iconic graph that
looks like the Ferris wheel with axes labeled
differently.

Graphical representation will allow me to see
how students interpret the two changing
quantities and how they demonstrate their
thinking in terms of the graph. 1 also want to
know if representing attributes on different
axes changed how they were thinking about the
quantities. It is also quite possible that their
graph does not represent how they actually
think about quantities. This task will help me
explore student’s thinking.
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Follow up: Please explain what you just
sketched.

P3: The student may sketch a graph that looks
like a hill with axes labeled differently.

M

.

ey gl
/

Follow up: Please explain what you just
sketched.

Could you express the graph as h equals f of d
or d equals f of h?

P1: My variable height was on the horizontal
axis and distance was on the vertical axis, so
d = f(h).

Follow up: Could you explain a little more.

P2: No.

Follow up: Why not?

P1: I do not know the formula.

R: Can you tell me what you think should be
there?

P1: I do not know. |am not sure, but h =
f(d) and d = f(h) does not make sense. It
needs to be f(x) = something.

Follow up: Could you tell me what you are
expecting there?
P1: Maybe y = something.

Follow up: is there a difference between y or

Here a student is trying to match the axes with
the notation and expects to see some
consistency of the notation with the labels of
axes. Student may conceive of the notation
and graph where whatever is in the
parentheses is always on the horizontal axis
and whatever is on the other side of an equal
side is always on the vertical axis.

The students may want to see something like
f(x) = 3x + 4.

The student may be expecting different
variables (Wagner, 1981) where different
variables mean different numbers.

If the student says y = something, maybe
he/she is thinking of an equation and not being
able to distinguish between the equation

and function (Chazan & Yerushalmy, 2003).
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f(x)?
P1l:No.y = f(x).

I will ask about each variable in the notation
h=f(d). So, what does h mean? What does
f mean? What do we mean by d?

A student may say | have no numbers and | do
not know what to do.

Follow up: Is it necessary to have numbers in
h = f(d)? Does it mean anything without
numbers?

P2:h = f(d)ord = f(h)

Follow up: So, does it matter how we write the
notation?

P3: h = f(d) because distance keeps going
and the height depends on it. When we know
the distance, we can predict the height.

Follow up:
Is it possible to write thisas d = f(h)? Why or
why not? Explain.

Does it matter if we write h = f(d) or

f(d) = h?

If the student says, y = f(x) theny = f(x) is
just a label or they think that y equals f (x).
They may be using an equal sign as an
equivalence (Knuth et al., 2006, 2011)

| am using Thompson (2013) definition of
function notation to see what students think
about the notation h = f(d).

I may ask them to pick a few numbers and tell
me what that means. Then I’ll ask if they can
think without numbers.

The notation h = f(d) is only meaningful if
the unknown view is left behind and the
variable view is made significant (Chazan;
Usiskin). This would help me to know if their
prior knowledge about the equations interferes
with their function knowledge.

This question is to see what students think
about the notation if we switch f(d) and h. If
students are still thinking like they used to in
algebra, somewhat similar to generalized
numbers (x, y wherex +y = y+x.....
(Usiskin, 1988)

Students will see the animated distance

Here the student will see the distance segment
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segment along the y-axis, and they’ll be asked
to explain what the length on the y-axis means
in terms of the Ferris wheel.

P1: The segment keeps going like the distance.
Follow up: How is the distance changing?

P2: 1 do not know.

Prompt: Which quantity is represented by this
segment?

Follow up: How is this quantity changing?

P3: Distance, but it was height before.

Follow up: Do you think the segment should
behave differently? Are you thinking about the
graph?

alone. This will help me to know how students
think about the distance represented by a
segment.

This will also tell me if students are bothered
by the segment because a graph represents two
guantities and the students are familiar with
graphs of two quantities and they may wonder
why only this segment along the vertical axis?

The student may be bothered that we now have
distance along the y-axis instead of height.
The student may say that the distance will go
up and down just because they had height
along the vertical axis before.

Then students see the height along the x-axis,
and they’ll be asked to explain what the length
on the x-axis means in terms of the Ferris
wheel.

P1: The segment goes up and then comes back
like the height.

Follow up: How is the height changing? What
is height doing?

P2: 1 don’t know.

Prompt: Which quantity is represented by this
segment?

Follow up: How is this quantity changing?

P3: Height, but I’m not sure why this is on the
x-axis?

Follow up: Do you think the segment should
behave differently? Are you thinking about the
graph?

Here the student will see the height segment
alone. This will help me to know how students
think about the height represented by a
segment.

This will also tell me if students are bothered
by the segment because a graph represents two
guantities and the students are familiar with
graphs of two quantities and they may wonder
why only this segment along the horizontal
axis?

The student may be bothered that we now have
height along the horizontal axis instead of
distance. The student may say that the height
keeps going just because they had distance
along the horizontal axis before and they may
still be thinking about the distance.

Show them animation of both distance and
height segments together. Ask them how are
both distance & height changing together?

Here 1 will ask them about both distance and
height segments together. By seeing the
animated segments that change together may
help them to think about two changing
quantities.
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Press Show Ferris wheel, then Press Show
trace. Tell students to watch the point

and trace changing. Ask students what the trace
means in terms of this situation.

Ask students to compare their graph
predictions to what they are seeing now.

P1: They may not change their graph at all.

Prompt: How does this trace compare to what
you sketched before?

Student may want to change what they
graphed.

P2: They may be thinking about one quantity
before but may shift to two quantities and may
want to change their graph.

Follow up: Why do you think the graph should
look like the way it does?

P3: They may be thinking about two quantities
to begin with.
Follow up: Please explain what you think.

Here students are going to explain and
compare trace with what graphs they sketched.
Their explanation will tell me if the moving
segments changed how they conceived of
guantities.

Could you express the graph as h equals f of d
or d equals f of h?

P1: No.

Follow up: Why not?

P1: 1 don’t know the formula.

R: Can you tell me what you think should be
there?

P1: 1 do not know. | am not sure, but h =
f(d) and d = f(h) does not make sense. It
needs to be f(x) = something.

Follow up: Could you tell me what you are
expecting there?

P1: Maybe y = something.

Follow up: is there a difference between y or

f()?

The student may want to see something like
f(x) = 3x + 4.

The student may be expecting different
variables (Wagner, 1981) where different
variables mean different numbers.

If the student says y = something, maybe
he/she is thinking of an equation and not
being able to distinguish between the equation
and function (Chazan & Yerushalmy, 2003).

If the student says, y = f(x) theny = f(x) is
just a label or they think that y equals f (x).
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P1:No.y = f(x).

I will ask about each variable in the notation.
what does he mean? What does f mean? What
do we mean by d?

A student may say | have no numbers and |
don’t know what to do.

Follow up: Is it necessary to have numbers in
h = f(d)? Does it mean anything without
numbers?

P2:h=f(d)ord = f(h)

Follow up: So, does it matter how we write the
notation?

P3: h = f(d) because distance keeps going
and the height depends on it. When we know
the distance, we can predict the height.

Follow up:
Is it possible to write thisas d = f(h)? Why or
why not? Explain.

Does it matter if we write h = f(d) or

f(d) = h?

P2: The student may say d = f (h) because we
labeled the axes differently. Height is now
along the horizontal axis and distance is along
the vertical axis.

Follow up: Could you please explain this by
pointing to your graph?

They may be using an equal sign as an
equivalence (Knuth et al., 2006, 2011)

I am using Thompson (2013) definition of
function notation to see what students think
about the notation h = f(d). Atthe same
time looking at how this task helped them to
see the relationship between the quantities.
(as I am asking about notation again after
the tasks are complete).

I may ask them to pick a few numbers and tell
me what that means. Then | will ask if they
can think without numbers.

The notation h = f(d) is only meaningful if
the unknown view is left behind and the
variable view is made significant (Chazan;
Usiskin). This would help me to know if their
prior knowledge about the equations interferes
with their function knowledge.

This question is to see what students think
about the notation if we switch f(d) and h. If
students are still thinking like they used to in
algebra, somewhat similar to generalized
numbers (x, y wherex +y = y+x.....
(Usiskin, 1988)

Students may say d = f (h) because labeling
the axes differently changes the notation (just
like changing alphabets gives a different
number for an equation (Wagner, 1981).
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P3: A student may say h = f (d).
Follow up: Why do you think that? Explain.

It is possible that the student may be thinking
about two quantities and notice that the
relationship between two quantities stays the
same so (h = f(d)). This task (representing
same attributes on different axes) would allow
me to explore how students are connecting
quantities to the notation.

Nat said that both graphs can be written as h
=f(d). what do you think?

Nat said that both graphs can be written as h = f{d). What do you think?

?
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P1: The graph on the left can be written as h
equals f of d and the graph on the right can be
written as d equals f of h.

P2: The graph on the right cannot be written as
d equals f of h, because one height input
corresponds to two different distance outputs,
so the graph does not represent a function. This
graph does not pass the vertical line test.

P3: Both graphs represent distance increasing,
one along the horizontal axis, and the other
along the vertical axis. The height increases
and decreases while the distance keeps
increasing. Each distance value corresponds to
a height, so h equals f of d is the correct
notation.

Student is paying attention to how the axes are
labeled.

Student engaged in quantitative/covariational
reasoning and also used a correspondence
approach (Smith, 2003).
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APPENDIX D

Post Interview Schedule

1. What comes to your mind when you think of
a function?

P1: I don’t know.

Follow up: Would it help if I gave you
something more specific? Sometimes in math,
we have graphs, tables, and equations. Would
any of these help?

P1: yes.

Prompt:

2. Please read each statement out loud and
explain what each statement means. | will also
provide tables and graphs and ask them if the
tables/graphs helped to clarify the statements.

Given g = f(y) , for every input y , there is
exactly one output g .

Given x = t(y), for every input y, x is the
output.

Given m = r(y), as y increases, m decreases.

Giveny = g(p), as p increases, y increases
and then decreases.

This question is to know what students think
about functions and what do they mean by a
function and general function notation.
Students could define the function as a
correspondence (For every x, there is an output
y). They may define a function using a
graphical representation or a symbolic
representation. Students often think a function
must be defined by a single algebraic formula
(Carlson, 1998; Clement, 2001; Even, 1990;
Even, 1993; Sierpinska, 1992). The students
may graph a function and write a notation.
They may pick points or just graph a function
without picking numbers.

A student may not like different variables and
may want to convert to the standard y equals f
of x form and then interpret the rules.

Here the notation is different and participants
may think that this is not a function due to the
notation x = t(y).

These are definitions of function from a
covariation perspective. Students are less
familiar with this definition and may not
consider these as function definitions. Students
may express each statement graphically and try
to match the variable on the parentheses to
match with the variable on the horizontal axis
and the variable on the other side of the equal
sign to be on the vertical axis. Students may
look for an expression because students often
think a function must be defined by a single
algebraic formula (Carlson, 1998; Clement,
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3. Do these represent functions?
The following table defines y as a function
of x, denoted y = f(x).

x |5 |-1 |0 1 4
y |3 2 6 |4 7

The following table defines x as a function
of y, denoted x = f(y).

x |-2 |-1 |0 |1 |-2
y |3 |2 |6 |3 |4

P1: same input of -2 gives outputs of 3 and 4.

P2: Two different inputs of 3 and 4 map to the
same output of -2, which does not represent a
function.

2001; Even, 1990; Even, 1993; Sierpinska,
1992).

Students are familiar with tables and a student
may say this is the definition of function
because it is given as y = f(x). Itis also
possible that students may say this is a function
because it is one-to-one.

A student may still consider y as a function of
X and say that the same input of -2 gives two
outputs 3 and 4. I will prompt them to read the
statement first.

Students may conceive of one-to-one functions
as functions and may not consider this onto
function as a function.
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P1: The graph does not pass a vertical line test
S0 it does not represent a function.

P2: One input maps to two different outputs, so
it does not represent a function.

P1: The graph passes a vertical line test, so it
represents a function.

P2: One input has an output, so it represents a
function.

The student may use the vertical line test or the
correspondence (Smith, 2003) approach to
decide that the graph does not represent a
function.

If we think about quantitatively, then this
graph represents a function, where y is a
function of g. The goal of this task is to see
how students conceive of a function and if they
engage in quantitative reasoning specifically
for this graph.

Student may use the vertical line test to decide
if the graph represents a function.
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Student may think that a one-to-one graph
represents a function.

4. What does g = r(m) mean? How do you I will ask the student to explain what each
make sense of it? variable means to them. | may ask them to

graph the rule to know how they connect the
P1: This is like y equals f of x but with rule to the graph.

different letters.

5.Given a set of 4 graphs, which are functions?
Which are not? why?

Jc
A
This question will help me to know how
students conceive of graphs that represent
functions and graphs that do not represent
} functions.
L >o
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P1: A student may say that the parabola is a
function because it passes the vertical line test
and the linear graph is a function because all
linear graphs are functions.

Follow up: Could you explain why?

P1: An ellipse is not a function and the
parabola that opens sideways is not a function
because these graphs do not pass the vertical
line test.

Follow up: Could you explain a different way
(without the vertical line test) why this does
not represent a function.

If we think about quantitatively, then this
graph represents a function, where s is a
function of t. The goal of this task is to see
how students conceive of a function and if they
engage in quantitative reasoning specifically
for this graph.

Here | expect them to explain that one input is
giving two different outputs, and therefore it
does not represent a function.

6. Can you use any of these formulas to
describe the graphs presented in 2? You can
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use formulas more than once or not at all.

s = h(t)
t = h(s)
y =p(x)
x =p()
m = s(r)
r = s(m)

P1: A student may say that an ellipse can be
definedas y = f(x) .

P2: A student may say t = h(s) for the first
graph because the the horizontal axis is labeled
s and the vertical axis as t.

P3: A student may say m = s(r) for the linear
graph because the horizontal axis is labeled r
and the vertical axis as m.

P4: A student may say that for the last graph
t = h(s) because the horizontal axis is labeled
s and the vertical axis as t.

A student may say that an ellipse can be
defined as y = p(x) because the horizontal
axis is labeled x and the vertical axis as y.
(Even though an ellipse is not a function).

Student may match the variable in the
parentheses to the variable in the notation.

I have chosen a linear graph because it is one-
to-one. The students are most familiar with
linear graphs, and most real-life situations can
be translated to linear graphs. Moreover, there
is less complexity in terms of the notation. For
linear functions, we can express the situations
as either y = f(x) or x = f(y). We can know
the value of x if we know y and we can know
the value of y if we know x. (Every x has an
output y). So, for a linear graph, both m =
s(r) and r = s(m) are okay. From a
quantitative reasoning perspective, input can be
on any axis as long as it satisfies the definition
of function.

This tells me that the labels of axes matter to
students when they think of a notation.
However, s = h(t) for the last graph because s
is a function of t. Here t is the input variable
and s is the output variable. From a
quantitative reasoning perspective, input can be
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on any axis as long as it satisfies the definition
of function.

7. Max said that both m = s(r) and r = s(m)
can be used to describe the following graph.
Why that made sense to that person? What
do you think?

P1: m = s(r) is true because the horizontal
axis is given by the variable r and it is the
independent variable.

P2: As rincreases, m increases and as m
increases, r increases, so both notations can be
used.

Student matched the variable on the horizontal
axis to the variable in the parentheses and the
variable on the vertical axis to the variable on
the other side of equal sign to conceive of the
notation. This is how students learn in school.

Thinking covariationally, as one quantity
increases the other also increases, so both
notations can be used. A student may combine
covariational reasoning to the correspondence
approach and say that one input has one output
and as one quantity increases, the other also
increases and therefore we can write notation
both ways.

8. Given the situation below, interpret the
graph.

a) Suppose that an airplane takes off from
Denver International Airport. As the plane
covers the distance along the ground, its
altitude changes. Here is a graph representing
the distance along the ground and the altitude
of the airplane. Please interpret the graph.
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P1: 1 don’t know. It looks like a hill but flat in
the middle.

Prompt: Could you please tell me how the
distance is changing?

How is the altitude changing?

How are both distance and altitude changing
together?

This tells me that the student is paying
attention to the overall shape of the graph. 1
will prompt the student to know how he /she
thinks about the quantities, distance and
altitude (separately and changing together)

b) We have the same situation but the attributes
are on different axes. Please interpret the
graph.

P1: 1 don’t know. It looks like a hill, flat in the
middle and is sideways.

This tells me that the student is looking at the
physical object.
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Prompt: Could you please tell me how the
distance is changing?

How is the altitude changing?

How are both distance and altitude changing
together?

These prompts will help me to know what
students think about the quantities separately
and also changing together (covariation). It is
possible that the student may be thinking about
two quantities and notice that the relationship
between two quantities stays the same. This
task (representing same attributes on different
axes) would allow me to explore how students
are conceiving of two quantities.

Is it possible to write the situations above as

a=f(d),d=f(a)?

P1: A student may say that 8a) can be written
asa = f(d)and8b)asd = f(a).

Please explain why you think that?

P2: A student may say a = f(d), d = f(a)
does not make sense because there is no
formula.

R: Can you tell me what you think should be
there?

P: 1don’t know. Maybe f(x) = something.

This tells me that the student wants to match
the notation with how the axes are labeled.

If we think about the notation, we cannot say
that both x = f(y) and y = f(x). For
example, if we have the distance along the x-
axis and altitude along the y-axis, then we can
say that a = f (d), but we cannot say thatd =
f (a) (with d along the x-axis and a along the
y) because one height corresponds to two
different distances and is therefore not a
function. However, if we switch the axes, we
can still say that a = f(d) (with a on x-axis
and distance on the y-axis). Students may say
d = f (a) because labeling the axes differently
changes the notation (just like changing
alphabets gives a different number for an
equation (Wagner, 1981).

The student may want to see something
like f(x) = 3x+ 4.

This question will help me to know if students
relate notation to axes or if they relate
quantities to notation, or if thinking about
notation is separate than thinking about the
quantities.
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9. Chris said that for the first situation, the
graph can be written as both a = f(d) and
d = f(a). What do you think?

P1: With distance on the horizontal axis, one d
corresponds to a height, so h equals f of d.

One h corresponds to two different d values, so
d equals f of h is not true.

The student used a correspondence approach to
justify the notation.

10. Given the situation below, interpret the
graph.

b) Suppose that a child has been swinging on a
swing for some time. Here is a graph
representing the total distance traveled and the
height of the swing. Please interpret the graph.

P1: 1 don’t know. It looks like a hill.
Prompt: Could you please tell me how the
distance is changing?

How is the height changing?

How are both distance and height changing
together?

This tells me that the student is paying
attention to the overall shape of the graph. 1
will prompt the student to know how he /she
thinks about the quantities, distance and height
(separately and changing together)
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b) We have the same situation, but the
attributes are on different axes. Please
interpret the graph.

P1: I don’t know. It looks like a hill that is
sideways.

Prompt: Could you please tell me how the
distance is changing?

How is the height changing?

How are both distance and height changing
together?

This tells me that the student is looking at the
physical object.

These prompts will help me to know what
students think about the quantities separately
and also changing together (covariation). It is
possible that the student may be thinking about
two quantities and notice that the relationship
between two quantities stays the same. This
task (representing same attributes on different
axes) would allow me to explore how students
are conceiving of two quantities.

Is it possible to write the situations (in 10
above)ash = f(d),d = f(h) ?

P1: A student may say that 10a) can be written
ash = f(d)and 11b)asd = f(h).

Please explain why you think that?

This tells me that the student wants to match
the notation with how the axes are labeled.

If we think about the notation, we cannot say
that both x = f(y) andy = f(x). For
example, if we have the distance along the x-
axis and altitude along the y-axis, then we can
say that h = f (d), but we cannot say that

d = f (h) (with d along the x-axis and h
along the y) because one altitude corresponds
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P2: A student may say h = f(d), d = f(h)
does not make sense because there is no
formula.

R: Can you tell me what you think should be
there?

P: 1don’t know. Maybe f(x) = something.

to two different distances and is therefore not a
function. However, if we switch the axes, we
can still say that h = f(d) (with h on x-axis
and distance on the y-axis). Students may say
d = f (h) because labeling the axes differently
changes the notation (just like changing
alphabets gives a different number for an
equation (Wagner, 1981).

The student may want to see something
like f(x) = 3x+ 4.

This question will help me to know if students
relate notation to axes or if they relate
quantities to notation, or if thinking about
notation is separate than thinking about the
guantities.

11. For the swing situation, Sam said that both
graphs can be writtenas h = f(d). What do
you think?

P1: The graph in the first situation can be
written as h equals f of d and the graph with
distance along the vertical axis can be written
as d equals f of h.

Student is paying attention to the axes labels.
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P2: Both graphs represent distance increasing,
one along the horizontal axis and the other
along the vertical axis, so h depends ond. h
equals a function of d.

P3: h depends on d and each distance value
corresponds to a height, so h equals f of d is
the correct notation.

Distance depends on height regardless of what
axis it is on. Student engaged in quantitative
reasoning.

Thinking quantitatively, in both cases h
depends on d and also using a correspondence
approach (Smith, 2003) h equals f of d is the
correct notation. In other words, the student
may combine the covariational perspective to
the correspondence approach.
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APPENDIX E

Pre Interview Questionnaire (with additional questions)

1. What comes to your mind when you think of a function?

2. Please read each statement out loud and explain what each statement means.

e Given y = f(x), for every input x , there is exactly one output y .
e Given x = f(y), for every input y, there is exactly one output x .
e Given g =r(y), as y increases, g decreases.

e Giveny = g(r), as r increases, y increases and then decreases.

3. Do these represent functions?

The following table defines y as a function of x, denoted y = f(x).

-2 -1 0

|—\
w
o

8 2 -3 4 2 7

The following table defines x as a function of y, denoted x = f(y).

Y
S
o

-’w‘} -~
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4. What does u = r(s) mean? How do you make sense of it?
5. Given a set of 4 graphs, which represent functions? Which do not? why?

Q'Eg

\'%
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6. Can you use any of these formulas to describe the graphs presented in 2? You can use
formulas more than once or not at all.

g=r)
y=1(9)
y=fx)
x=f()
m = t(p)
p =t(m)

7. Sam said that both m = t(p) and p = t(m) can be used to describe the following graph.
Why that made sense to that person? What do you think?

8. Given the situation below, interpret the graph.

a) Suppose that an airplane takes off from Denver International Airport. As the plane
covers the distance along the ground, its altitude changes. Here is a graph representing
the distance along the ground and the altitude of the airplane. Please interpret the graph.
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b) We have the same situation but the attributes are on different axes. Please interpret the
graph.

9. Is it possible to write the situations (in 8 above) asa = f(d),d = f(a) ?

10. Nat said that for the first situation, the graph can be written as both a = f(d) and
d = f(a). What do you think?
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11. Given each situation below, interpret the graph.

a) Suppose that a child has been swinging on a swing for some time. Here is a graph
representing the total distance traveled and the height of the swing. Please interpret the
graph.

b) We have the same situation, but the attributes are on different axes. Please interpret the
graph.

12. Is it possible to write the situations (in 6 above) as h = f(d), d = f(h) ?
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13. For the swing situation, Pat said that both graphs can be writtenas h = f(d). What do
you think?

/ \\ //\\_
h // \ /N //
N /
o
ci;::_:#;.
d >
<
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APPENDIX F
Ferris wheel Interview 1 Questionnaire

Introduction:

Have students talk about their experience of being on a ferris wheel.

Identifying Changing Quantities

Students will see ferris wheel without any measurements.

How is the distance changing?

How is the height changing?

The students will then be asked to run the animation to see what’s happening with the height and
distance. They will again be asked to explain how distance is changing and how height is
changing.

Predicting Relationships between Quantities

Please predict and then graph the relationship between distance and height. Please label the
axes. Students explain why their graph makes sense.

Investigating Function Notation
Ask abouth = f(d) or = f(h)?

Investigating Changing Quantities

Students see the Ferris wheel. Students click on animate point, then show them the distance
segment along the x-axis. Ask students the following questions:

e Explain what the length on the x-axis means in terms of the Ferris wheel.

e How is the distance changing?

e Why does it make sense that the distance around a circle could be represented by a line
segment?

Have students hide distance, then show height. Ask students the following questions:
e Explain what the length on the y-axis means in terms of the Ferris wheel.
e How is the height changing?
e What is height doing?

Forming Relationships between Changing Quantities

Have students show both distance and height.
Press Animate Point. How are both distance & height changing together?
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Press Show ferris wheel, then Press Show trace. Tell students to watch the point
and trace changing. Ask students what the trace means in terms of this situation.
Ask students to compare their graph predictions to what they are seeing now.
Ask them if it makes sense.

Investigating Function Notation
Ask abouth = f(d)or = f(h)?

Ask about a student Pat. Pat said that the graph below can be written as either d equals f of h or
h equals f of d. What do you think?

Pat said that the graph below can be written as either d = f(h) or h = f(d). What do you

think?

N
A
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APPENDIX G

Ferris Wheel Interview 2 Questionnaire (distance on the vertical axis, and height on the
horizontal axis)

Show picture of the Ferris wheel and ask students how the distance and height are changing.
Ask students how they labeled the axes before. Now, tell students that they are going to sketch a
graph with distance on the vertical axis, and height on the horizontal axis.

Investigating Function Notation
Ask about the notation h = f(d) ord = f(h)? Why?
Investigating Changing Quantities

Students see the Ferris wheel. Students click on animate point, then show them the distance
segment along the y-axis. Ask students the following questions:

e Explain what the length on the y-axis means in terms of the Ferris wheel.

e How is the distance changing?

e Why does it make sense that the distance around a circle could be represented by a line
segment?

Have students hide distance, then show height. Ask students the following questions:
e Explain what the length on the x-axis means in terms of the Ferris wheel.
e How is the height changing?
e What is height doing?

Forming Relationships between Changing Quantities

Have students show both distance and height.
Press Animate Point. How are both distance & height changing together?

Press Show Ferris wheel, then Press Show trace. Tell students to watch the point
and trace changing. Ask students what the trace means in terms of this situation.
Ask students to compare their graph predictions to what they are seeing now.
Ask them if it makes sense.

Investigating Function Notation
Ask about the notation h = f(d) ord = f(h)? Why?
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Ask about a student Nat. Nat said that both graphs could be written as h equals f of d. What do
you think?

Nat said that both graphs can be written as h = f(d). What do you think?

W
v
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APPENDIXH

Post Interview Questionnaire (with additional questions)
1. What comes to your mind when you think of a function?

2. Please read each statement out loud and explain what each statement means.

Given g = f(y), for every input y , there is exactly one output g .
Given x = t(y) , for every input y, x is the output.

Given m = r(y), as y increases, m decreases.

Giveny = g(p), as p increases, y increases and then decreases.

3. Do these represent functions?

The following table defines y as a function of x, denoted y = f(x).
x |5 |-1 |0 1 |4
y |3 2 -6 |4 7

The following table defines x as a function of y, denoted x = f(y).
x |2 |-1 |0 |1 |-2
y |3 |2 |6 |3 |4

A
//
|
4. What does g = r(m) mean? How do you make sense of it?
5. Given a set of 4 graphs, which are functions? Which are not? why?
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6. Can you use any of these formulas to describe the graphs presented in 2? You can use
formulas more than once or not at all.

s = h(t)
t = h(s)
y=pKx)
x =py)
m = s(r)
r = s(m)
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7. Max said that both m = s(r) and r = s(m) can be used to describe the following graph.
Why that made sense to that person? What do you think?

8. Given the situation below, interpret the graph.

a) Suppose that an airplane takes off from Denver International Airport. As the plane
covers the distance along the ground, its altitude changes. Here is a graph representing
the distance along the ground and the altitude of the airplane. Please interpret the graph.
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b) We have the same situation, but the attributes are on different axes. Please interpret the graph.

9. Is it possible to write the situations (in 8 above) as a = f(d), d = f(a) ?

10.  Chris said that for the first situation, the graph can be written as both a = f(d) and
d = f(a). What do you think?
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11.  Given each situation below, interpret the graph.

a) Suppose that a child has been swinging on a swing for some time. Here is a graph
representing the total distance traveled and the height of the swing. Please interpret the
graph.

b) We have the same situation, but the attributes are on different axes. Please interpret the graph.

12. Is it possible to write the situations (in 11 above) as h = f(d),d = f(h) ?
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13. For the swing situation, Sam said that both graphs can be writtenas h = f(d). What do
you think?
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